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The number and variety of known compounrjs between proteins and small 
molecules are increasing rapidly and make a fascinating story. For instance, 
there are the compounds of iron, which is carried in our blood plasma by a 
globulin, two atoms of iron to each molecule of globulin held in a rather tight 
salt-lie binding? which is stored as ferric hydroxide by ferritin much as 
water is held by a sponge? and which functions in hemoglobin, four iron 
atoms in tight porphyrin complexes in each protein molecule. Or, there are 
many compounds of serum albumin, which was used during the war by many 
chemists, most of whom found at  least one 6ew compound. This molecule, 
which has about a hundred carboxyl radicals, each of which can take on a 
proton, and about the same number of ammonium radicals, each of which 
can dissociate a proton, has one single radical which combines with mercuric 
ion so firmly that two albumin molecules will share one mercury atom if 
there are not enough to go a r ~ u n d . ~  

At the present stage of rapid growth of known compounds, it seems more 
profitable for me to make no attempt to catalogue the various classes of com- 
pounds, but to discuss the general principles involved, in the hope that this 
will make more useful the information which is accumulating so rapidy from 
so many laboratories. 

We want to know of each molecule or ion whicb can combine with a protein 
molecule, /‘How many? How tightly? Where? Why?” The answer to 
the first two questions, and sometimes to the third, can be furnished by the 
physical chemist, but he will often need to team with an organic chemist to 
determine the effect of altering specified groups to find if they are reactive. 
The determination of function iç a complicated problem which may be the 
business of the physiologist or physiological chemist. But the answers to 
both of the more complicated problems will depend on the answers to the 
simpler questions, “HOW many?” and “How tightly bound?” 

If the various groups on a protein molecule act independently, we can apply 
the law of mass action as though each group were on a separate molecule,4 
and the strength of binding can be expressed as the constant for each group. 
Often, a single constant will express the behavior of severa1 groups. If the 
constants are widely spread, as those for the reaction of hydrogen ion with 
carboxylate ions, with imidazoles and with amines, the interpretation is 
simple. If the separation is less, it is very difficult to distinguish the case of 
different intrinsic affinities from the case of interaction among the groups. 

We know that such interaction occurs in simple moleculeç in which a reac- 
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tion has equal probability of happcning at  various points on a molecule. 
Reaction a t  one of these points may make it much more difficult for the reac- 
tion to occur at another point, as in the dibasic carboxylic acids; or it may 
make a second reaction much easier, as in the reaction of ammonia with 
silver ion.‘ There may be an effect of the medium which can be interpreted 
by an activity coefficient, but there may also be a residue which is independ- 
ent of the medium. There may be an electrostatic effect, but there may 
also be additional effects which cannot be explained by any simple electro- 
static theory. 

Independent action of the groups means that the change in free energy for 
the reaction of the protein with v small molecules is made up of the statistical 
entropy t e m  plus a term proportional to v. The simplest extension is to 
add another term proportional to v2. This extension is particularly impor- 
tant since it is sufficient to account for the Debye-Hückel approximation of 
electrostatic interaction in a medium of unchanging dielectric constant and 
ionic strength, or to account for non-electrostatic interaction with random 
distribution. 

If the initial probability of reaction is the same at each of n points, the 
change in free energy (AF),  for the reaction PO + VA = PA, is given by 

(AF),/XT = ln C~/COC> 4- ln v!(n - v )  !/a! - Y In K + wy2 (1) 
in which RT has its usual significance, co , c,, and CA are the concentrations 
of PD , PAU and A, k is the intrinsic constant for the reaction at  a single 
group, v !  is v factorial and w is the coefficient of 9. The average association 

5 n !  ( k C ~ ) ” 7 ‘ ~ v  - ”-0 v!(n - v)! v =  . 

(kcA)” e-wv1 2 s! 
v-o v!(n - Y ) !  

The calculation of by this equation is straightforward, and may be ex- 
tended to the case of more than one constant by addition of the respective 
Y’S taking into consideration the possibility’ that the wv2 terms may become 
more complicated. This method has been used by Cannan, Kibrick, and 
Palmer? for the titration of fifty-one carboxyls, five imidazoles, and twenty- 
three amines in ovalbumin, and by Klotz, Walker, and Pivan’ for twenty- 
two sulfathiazole groups reacting with serum albumin. If the total number 
of groups is large, however, the method is very tedious, and if the total num- 
ber is unknown it is practically unusable. 

Linderstrom-Lang’ attempted to sum the series in the paper in which he 
made the first application of the Debye theory to titrations of proteins. He 
obtained the effect on the straight middle portion of the curve of ü versus pH, 
but did not extend it further. Cannan, Kibrick, and Paher’ used the com- 



662 

plete expression. Putzeys and Bouckaert'" derived the complete expression 
with very complicated mathematics. The solution for a very large number 
of groups is so simple and holds so well for a moderately large number of 
groups that it is worth Ghile to present it free from any non-essentials. 

From EQUATION 1, we find that the ratio of the concentration of a11 species 
with v molecules of A combined with one of protein to the concentration of 
those with v - 1 molecules is 
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If the titration is to spread over only a few powers of ten, d w  must be 
finite and only moderately large. Thus, w(2v - 1) must be very small when 
n is large. Therefore, cy/cV-1 will be unity at the same value of ii as for a n  
ideal solution? for which w = O and kc = ii/(n - I), and v = F + P/n: sub- 
stituting this value in EQUATION 3 and transposing yields 

e 2 « + i / n ) w í  kew CA = - 
n - 3  

Y 
12-3  

In k'c = ln - + 2w'r (4) 

in which k' = ke" and w' = 1 + - w. Rather than trying to prove that 

this is the lhiting expression for very large values of n, let us see how bad 
it is for very smail valueç. I 

We find that titration curves often have shapes not unlike that for w = O, 
which is shown as curve 4 in FIGURE I, except that they are spread about 
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FIGURE 1. Titration Curves. 

twice as far on the pH axis. How can the ideal curve be warped to give this 
spread? Although the central portion of the curve is nearly linear, it  is not 

We note that, if w is large that reactions at different p t s  are completely separated 80 that P A  I 1 
he difference, ü/n - 4.1s to be iompared to n. and P.4. are the only forms of the protein present. Y = i 4- 1. 

Moreover, the correct vaiue is much nearer C j n  than to t for any probable values of 10. 
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permksible to rotate the curve about its center because the asymptotes must 
remain horizontal with x = O and 2 = 1. If the reactions a t  half the points 
have an intrinsic dissociation constant different from those at  the other haif, 
we divide curve 4 into two equal parts, pull them apart horizontally, and 
then add. Curve 3 shows the result if k” is one-hundredth of k f .  If EQUA- 
TION 4 is valid, each point should be displaced horizontally by an amount 
proportional to its perpendicular distance from the midpoint. Curve 2 
corresponds to EQUATION 4 with w’n = 2. It is alço possible to displace each 
point by an amoiint proportional to its horizontal distance from the mid- 
point, which is equivalent to changing the scale of abscissae. In  curve 1, 
each point has double the horizontal displacement of curve 4. When the 
displacement of curve 4 is divided by an integer, the resulting curve corre- 
sponds to reaction of that integral number of molecules with one protein 
without any intermediate forms. I can find no physical explanation for this 
type of curve for displacement greater than that of curve 4, but I have in- 
cluded it because this expression is often used. Curves 4,5, and 6 represent 
the difference in horizontal displacement of curves 1,2, and 3 from 4, and the 
broken h e s  with 4 and 6 are repetitions of 5. 
FIGURE 2 shows the dzerences in ü/n of curve 3 of FIGURE 1 from curve 2 

PkC 
FIGURE 2. Enect of Finite Number of Groups. 
~ev ia t im írom p ~ c  - log ‘5’ - @ 2 2.3 . 

at the same value of pkc. The maximum difíerence is 3.9 percent, and the 
dGerence is zero when kc is 0.04,1, or 25. FIGURE 2 alço shows the difference 
from curve 2 of a curve of the type of curve 1, and of the curves for f i  = 3 
and n = 4 which intersect curve 2 a t  these same points as curve 3. For 
three groups, the maximum deviation is 1.2 percent; for four groups it is 0.3 
percent, and the deviation is also zero for Kc = 0.1 and 10. Thus, four is 
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practically intinity within the accuracy of most measurements if the curve 
is spread twice the width of curve 4, FIGURE 1. 

For the Debye-Hiickel approximation for a charge spread uniformly over 
the surface of a sphere of radius b which excludes small ions to a radius a, 

in which D is the dielectric constant of the medium, k is Boltzmann's con- 
stsnt, T the absolute temperature, E the electronic charge, z the valence of 
the small molecule, and K has its usual significance in the Debye theory, and 
the net valence of the protein replaces v in wv2. 

The expression for a discrete distribution of ciiarges within a spherical 
molecule is given by Kirkwood:2 as modiiied by Kirkwood and Westheimer.13 
The greatest difTerence froni the Debye-Hückel expression is that b is a func- 
tion of the charge distribution and dielectric constant of the protein molecule, 
.and is such a function of the dielectric constant of the medium that 1/Db 
does not vanish for an iniinite dielectric constant. Kirkwood's expression 
also gives a more complicated variation with ionic strength, but this will be 
so smeared by non-electrostatic effects that, in the present state of our 
knowledge, it will be sufficient to use this equation with the conditions that 
b need not be too closely related to the size of the molecule, and a is always 
greater than b. These expressions are a11 limited to very small protein con- 
centrations. The effect of increasing concentration is discussed by Scat- 
chard, Batchelder, and Brown." Usually we do not know enough about the 
protein to justify considering second approximations. 

At times, I have been troubled by the fact that the probability of reaction 
is not the same for a11 points once reaction has occurred at one of them. I 
know that I have not been alone in this worry, so it has seemed worth while 
to consider the electrostatic effects for two simple distributions: a regular 
tetrahedron and a cube at  zero ionic strength in a medium of the same dielec- 
tric constant as the large molecule. The results are shown in FIGURE 3. 
Putting on the first small molecule will require no electrostatic work, but for 
each additional one there will be work proportional to the sum of the recipro- 
cal distances to each charge already there. 

For the regular tetrahedron, the distances are a11 the same and there is one 
form with no charge, four with one charge, six with two, four with three, and 
one with four charges. The works are proportional to O, 1.7,5.2, 10.3, or to 
0.86 V(Y - 1). The works are normalized so that the work for the fully 
charged cube is v(v - 1). For the smaller charges, the number of each form 
and the work is Iisted below the model of the form. The dierences from 
Y(V - 1) are so small for most of the rnolecules that my worries have been 
dissipated. \ 

The Iimit at very small values of R is (eV/ZDM')/b. and at very large valueç of L. it is (r*s*/2DkT)(i/b - 
1h). Two parameters, o and b, are neeessary to keep the latter limit different from zero. 
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DISTRIBUTION OF CHARGES ON CUBE 
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FIGURE 3. 

There seems to be but little known of negative values of w for protein com- 
pounds. However, we might expect cases when the van der Waal’ç attrac- 
tion of long chains should overcompensate electrostatic repulsion just as it 
does in soap micelles. When nw equals -2, the slope of ü os. log CA becomes 
inhite, and for larger values there is a sudden jump from smaii values to 
large. The electrophoresis of albumin and decanyl sulfate by Putnam and 
NeurathlSprobably indicates an effect of this kmd. The first compound may 
represent saturation with charged ends toward the protein, whde the second 
may have a reversed layer, giving a soap micelle wrapped around the protein 
molecule.16 

FIGURE 4 shows the titration of ovalbumin with HC1 or KOH in the pres- 
ente of KÇ1 in various amounts by Cannan, Kibrick, and Paimer? The 

2 4 6 8 10 
PH 

F I ~  4. Titration of OvsIbumin.7 
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steepest curve is the ideal curve they plot for 51 groups with pk = 4.29, 5 
with pk = 6.7, and 23 with pk = 10.07. The flattest curve is the one they 
calculate for zero ionic strength. The intermediate curves are those for 
their titrations a t  various ionic strengths, displaced so that they ali intersect 
a t  the isoionic point. The corrections for activity coefficients are in the 
opposite direction from those to the ideal titration curve. 

FIGURE 5 shows the same measurements represented as ApH, the pH 

FIOU= 5. Titration of Ovalbumin.' 

minus that of the ideal solution. Although the tables have been smoothed, 
I have preferred not to draw curves. For example, the quirks near ij = - 15 
may well be introduced by smoothing with respect to ií and not to pH in 
poorly buffered regions. Here, the displacement of the isoionic point is 
shown with a maximum of 0.22 units. The curves are nearly linear. The 
left-hand curve is for no added salt. At the bottom it is very flat, but it 
rises steeply and eveh slopes backward as the decrease in electrostatic effects 
with increasing ionic strength more than compensates for the increased 
charge. If EQUATION 5 is valid, exact compensation is reached when 

~ ( 1  -k KU) + VdK/dV 1 
(1 -t = b' 

There is an additional effect due to the displacement of the isoionic point on 
the addition of electrolyte. 

FIGURE 6 shows the titration of wool with hydrochloric acid in the presence 
of various amounts of RC1 by Steinhardt and Harris;'J* with the ideal pH 
for 0.83 millimoles per gram maximum deducted. These points represent 
the unsmoothed experimental measurements. The points are represented 
approximately by straight lines, but the approximation is apparently not 
within the experimental accuracy. Reasons for this discrepancy must wait 
upon a more detailed study. Again, the left-hand curve shows the titration 
with no added salt, which has about the same shape as that in FIGURE 5. 
The displacement of the isoionic point is greater for wool than for ovalbumin, 
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PH . 

-0 I 2 3 4 5 6 7 
APH 

h G m  6. Titration of Wool with HCI.1' 

though it is harder to see through the scatter of the points a t  low titer. The 
authors attribute this displacement to combination of the anions with the 
wool and have calculated the association constants for many anions from the 
titration curves of the corresponding acid~.'~ They find that the aÍtin;ty 
increases rapidiy with the molecular weight. 

My own expenence with combinations of protein with molecules other 
than hydrogen or hydroxyl ion a m e  with our measurements of the osmotic 
pressure of serum albumin in solutions of sodium chloride." The salt distri- 
bution practically forced us to assume such a combination. Making the 
naive assumption that this combination is responsible for all the difference 
in salt concentration outside and inside the membrane leads to the extent 
of combination shown in FIGURE 7 for the values of the valence and pH shown 
on the absbscissae. The points shown are for NaCl concentrations about 0.15 
M. We found no more combined a t  0.2 M and no less at 0.05. 

It is amusing to see if an equally naive picture will explain the deviation 
of osmotic pressure from the ideal solution laws. The open circles show the 

O1 
1 I 

30 20 10 o -10 - 2 0  

FIQVXE 7. Serum Albumin and Chioride Ion.1' 



668 A N N A U  NEW YORK ACADEMY OF SCIENCES 

extent of combination necessary to explain these deviations as pure Donnan 
effects. The value of B falis regularly as the valence becomes less positive, 
jumps suddenly near the isoionic point, and then falls again steadily. A 
glimpse at  FIGDRE 8 wili explain the behavior. The points are 3 from the 
equation 

PV" = RTm2(1 + Br2m2) 
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FIGWBE 8 .  Senun Aibumin and Chioride I0n.14 

in which P is the osmotic pressure, V" the volume containing a kilogram of 
water, m2 the mola1 concentration of protein, and w, its molecular weight. 
The broken line is the Donnan value. The extent of combination calculated 
in FIGURE 7 is the horizontal displacement necessary to bring the point to 
the Donnan line, and the break near the isoionic point separates those points 
which are moved to the right branch from those which are moved to the left. 
Taking into account the effect of the combination indicated by the salt 
distribution makes the effect of albumin on its own activity coefficient more 
symmetrical, but it does not reduce much the maximum effect, which must 
be taken into account. 

Recently, we have been studying the combination of chloride ion and of 
thiocyanate ion with human serum albumin by a procedure like that of 
Klotz? except that the concentration is determined by conductance. This 
necessitates measurements without added salt and therefore a t  varying ionic 
strength. The experimental results will be reported in a later paper, but I 
want to discuss here the method of treatment which we developed for them. 

For the acid titrations, the maximum binding capacity can be approached 
closely with relatively low concentrations of acid or base. For the weaker 
associations, which we are considering now, the average amount bound is still 
increasing rapidly when only a small fraction of the small molecules are 
combined. This makes the determination of the maximum binding Iess 
certain, and our task is to reduce that uncertainty as far as possible. 
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Recent usage has been to invert the law of mass action solved for t to give 

(6) 
1 - l f k c  1 1 - - - = - + -  
f knc n knc 

to plot l / t  against 1/c, to draw the best straight line and cal1 its intercept 
1/12 and its slope l / kn .  This has the disadvantage of concealing deviations 
from the ideal laws, and of tempting straight lines where there should be 
curvature. 

I have preferred to start with the mass action law solved for c :  

t / (n  - P) = kc 
and multiply by (12 - f ) / c  to give 

t / c  = k(n - 3). (7) 
Plotting f / c  against Y again gives a straight line if k is constant. The inter- 
cept on the f / c  axis is kn, the classical first association constant, and the 
intercept on the t axis is n. This plot shows immediately how great is the 
extrapolation necessary to determine these quantities. 

Curvature may indicate dserent intrinsic constants or deviations from 
independent probabilities. In the latter case, we may alter EQUATION 4 to 
give 

and plot i%?””/c against t. Sometimes w’ may be calculated theoretically, 
or an approximate value may be determined empirically. It is not necessav 
to straighten the line if the correction is good enough to determine the inter- 
cepts. Even if there are diíTerent intrinsic constants, the two intercepts are 
still the classical first association constant and the total number of groups. 

As an example, we show the titration of ovalbumin of Cannan, Kibrick, 
and Paimer’ with 32 g. protein per liter and no added salt. In FIGURE 9, the 

t ~ z w ” / c  = k‘ (n - 5) (8) 

FIGURE 9. Titration of Ovaibumin? 

full circles are the measured values of t assuming that I is ten for the isoionic 
protein. The open circles are corrected by the equation corresponding to 
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the authors' assumption that the correction is 0.8, the Debye value for b = 
27.5 A and a = 29.5 A, which gives 

2~ /2 .3  = 0.084[1.073 - 9.68&/(1 + 9.68t/;l)] 

Ui which p is the ionic strength. The straight line corresponds to their values 
of n = 51 (obtained from special experiments) and log k = 4.29. The curve 
is obtained from this line by making the correction in reverse. The measured 
value for the most dilutepoint falls off the scale. The corrected value begins 
to show the effect of the imidazole groups, which are not counted in P.* The 
broken line shows the effect of correcting the lower curve by the full Debye 
value for the dimensions chosen by the authors, that is, with w 1.25 times 
that for the stráight line. Although it is obviously overcorrected, the values 
of (n - e) and of ke a t  the isoionic point could be obtained from it with very 
fair accuracy. 
FIGURE 10 shows the results of Klotz, Walker, and Pivans on bovine serum 

- 10 
v 

FIGURE 10. Serum Albumin and Methyl Orange.8 

albumin and methyl orange. Again, the fiiied circles are the measured 
values and the open circles are corrected for electrostatic effects using the 
dimensions which the authors used for sulfathiazole. The straight line is 
that determined by the values of n and k given by the authors. It is not 
certain that these measurements should be corrected for electrostatic effects. 
They are made in 0.1 M phosphate buffer, and it is posçible that the methyl 
orange replaces phosphate ion instead of reacting with uncombined albumin. 
The extrapolation of these results is much less certain that that in FIGURE 9. 

The 
correction is the same as that made by the authors and the straight l he  is 

FIGURE 11 shows their results for serum albumin and sulfathiazole. 

Tbe correction is made for I - !O, M> that e e r e  is none at the isoionic point, and &e value of k should 
be determined as i/c(n - 5) for the isoionic p m t .  
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- 10 v 
FIGURE 11. Serum Aibumin and Azosulfathiarol.8 
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FIGURE 13. Sernrn Albumin and o-Nitropheny1ate.S 

67 1 

determined from their values of 'IZ and K. The curve through the experi- 
mental points is made by applying the correction in reverse to the straight 
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lhe. If the reaction is the dispiacement of a univalent ion by a bivalent 
one, the correction should be only the fourth root of that used. 

FIGURES 12 and 13 show the results of Teresi and LuckZo for bovine serum 
albumin and some nitrophenolates. Again, the filled circles represent the 
measured values, the open circles are corrected for electrostatic effects as in 
FIGURE 10, and the lines are determined from the values of k and n given by 
the authors. These reactions may alço be displacements of buffer anions 
so the electrostatic correction may be improper. 

Although the precision of extrapolation is not very great, the results are 
quite sufficient to show the difference between the orthophenolate on one 
hand and the meta- and paraphenolates on the other. For the orthopheno- 
late, k is much larger and n much smaller. The authors find smaller values 
of n for many orthonitrophenols, and they attribute the difference to steric 
hindrance. It is not surprising that an ortho-nitro group favors association 
a t  points where the steric hindrance does not interfere. 

Much of the difference between the precision of extrapolation in FIGURE 

9 for hydrogen ion and in the subsequent figures for anions depends upon the 
much greater magnitude of the association constants for the acid titration. 
However, these figures should show the great irnportance of the greatest 
possible precision over the widest possible range in order that these curves 
may be extrapolated accurately to the intercepts which te11 us “how many” 
and “how tightly bound.” 
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