THE EFFECT OF PRACTICE IN THE CASE OF A
PURELY INTELLECTUAL FUNCTION

By EDWARD L. THORNDIKE, Teachers College, Columbia University

The mental multiplication of one three place number by
another affords a convenient means of studying several interest-
ing psychological topics. For instance, the process affords
perhaps the best brief test of attention of those so far used; the
nature of the images in which one thinks is shown perhaps
better by such a real mental problem than by questions con-
cerning one’s power of voluntary recall of images; the efficiency
of the process is readily measurable so that it serves well as a
test of fatigue or practice. It is especially advantageous for
the study of practice because it requires no apparatus and
offers a case of improvement in a function which a student of
very slight psychological training can readily understand
and measure. The experiment which is reported here might
well be made as a part of the class work of a course in psy-
chology.

I shall not rehearse all the details of the management of the
experiment or all its results, but shall confine this report to
the facts necessary for the understanding and criticism of cer-
tain conclusions concerning the amount, rate, progressive
change of rate and spread of improvement.

THE EXPERIMENT

After preliminary training with three or four examples in
mental division of a 6 place by a 2 place number, and two ex-
amples in mental multiplication of 3 place by a 3 place number,
33 individuals multiplied mentally from 50 to g6 examples like
those quoted below,’ which are a random selection in random
order of the examples made by putting any 3 place number
containing no digit lower than 3 and repeating no digit, with
any other such 3 place number.

Of the 33 individuals 1 did only 50, I only 60, 1 only 66, 1
only 75,and 1 only 85 examples. The remaining 28 did 96 each.
In what follows only the 28 individuals will be considered, unless
a special statement to the contrary is made. Asarule 50r6
examples were done per day. The time of day varied amongst

1657 398 479 358 589 395 396 864 739 983
964 367 476 537 745 359 953 659 459 394
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INTELLECTUAL FUNCTION 375

individuals and in some cases within the different practice
periods of the same individual. It was impossible to prevent
these variations in conditions without imposing great incon-
venience on the subjects. Such variations increase somewhat
the variable errors of all the determinations, but if one is care-
ful to interpret differences in results with full awareness of these
differences in conditions, no serious harm need result.

Each example was done as follows. A time at which to
start was set and recorded. At this time, say A. M. 8 hrs. 40
min. 30 s., the example was taken up, looked at long enough
to fix the two numbers in memory so well that they could be
repeated from memory and further memorized without the
paper. ‘The example was then laid aside, no sensory aids were
used, and when the full answer was obtained it was written
down and the time recorded when the last figure of it had been
written. If the subject was interrupted ab extra as by a knock
at the door, the record was omitted, the same example being
done a day or so later. ‘The subjects were allowed to examine
their results in comparison with the correct answers.

REDUCTION OF THE SCORES TO ONE VARIABLE

For the purposes of this article the following scores were
used: (1) The times taken in doing the 1st, 2nd, 3rd, 4th, sth,
g1st, g2nd, 93rd, g94th, g5th, combined times for 1-5, 91-95,
86-go, 1-10, 11-20, 21-30, 31-40, 4I-50, 5I-60, 61-70, 71-80,
and 81-go. (2) The errors made in each of the above examples
or groups of examples, an error being defined as any wrong
figure in the answer, 6 errors being the worst possible record
for an example in accuracy.

When it is desirable to have a single measure of efficiency, I
transmute errors into time by adding 1/10 of the time taken
per example in lieu of each error made. Thus a record of 200
seconds and 1 error for an example becomes 220;—a record of
2,500 seconds and 13 errorsfor ten examples becomes 2,500+
(13X3%%2), or 2,825. Any such scheme of allowance can be
criticised and I do not pretend that this is the best one that
could be found for the present case. It is not far wrong, how-
ever. The gross figures are given in Table I so that any one
who chooses may apply any other scheme for equating time
and errors. It will be found, I think, that with any rational
scheme the general conclusions of the study will remain as they
now are.

THE AMOUNT OF IMPROVEMENT

The facts from which the amount of improvement is esti-
mated are the records of the first five examples done and the
first five of the last six done, taken in connection with the
time of day when it differed in the two cases. By observing
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INTELLECTUAL FUNCTION 377

the gross scores, and not only the scores as equated for errors
but also the cases where the initial and final records were iden-
tical in respect to accuracy,' we can make a reasonable predic-
tion concerning the reduction in time which would have oc-
curred had the individual worked at the beginning and at the
end of the practice with the same accuracy.

The ratios of such scores for the last five examples to those
for the first five were as follows: 14, 20, 21, 23, 26, 28, 29, 30,
31, 32, 34, 36, 39, 42, 42, 44, 47, 48, 59, 50, 50, 50, 52, 58, 59,
60, 64, 70. The median is .42 (P. E. .02) and the median
deviation from it is.10. The separate scores are subject to
somewhat large variable errors so that it would be unsafe to
infer much from the range of variation.

This estimate of the general amount of improvement would
be very, very slightly altered by any reasonable system of
equating errors and time. ‘This can be demonstrated by actual
trial of such systems and also by taking those cases where the
difference in accuracy between the first and last five examples
was nil or slight. For the eleven such individuals the median
of the ratios of the scores of the last five examples to the corre-
sponding ratios of the first five was .41 (P.E. .03).

The fact that these mature and competent minds improved
in the course of soshort a training so much as to be able to do
an equal task in two-fifths of the time first taken is worthy of
attention because of its bearing upon the problem of the influ-
ence of improvement in one function upon the efficiency of
other functions. It is clear first that the training which this
group had had for twenty odd years in remembering facts, re-
sisting distractions and carrying in mind a complex series of
relationships had left this special function of mentally multi-
plying a three place number by a three place number in a very
easily improvable condition. Such could not have been the
case if the components of that previous training had exerted
each even a very moderate general influence. It is clear also
that this improvement of over fifty per cent. must have been re-
stricted closely to the special function involved. The most
ardent advocate of the general influence of specific practice
would not, I judge, claim that ten hours’ drill in any one
thing could improve an already well educated adult 50 per cent.
or 5 per cent. or even 1 per cent. in the average of all his in-
tellectual processes.

In estimating individual differences in the amount of improve-
ment and in estimating the relations of these differences to other
mental characteristics of the same individuals, the ratios listed

1This comparison will give only a limit, for it means for a person
who improves in both speed and accuracy that a better early record
than usual is compared with a worse late record than usual.
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378 THORNDIKE

above must not be taken thoughtlessly at their face value. For
a person to change from 400 seconds per example to 200 is not
necessarily the same amount of improvement as for him or an-
other to change from 200 seconds to 100 seconds. ‘The second
is probably an improvement which fewer individuals would be
capable of, which the same individual would take longer to at-
tain, and which, if analyzed into its constituents, would be
found to be different from the other. To call the two equal as
fractions must not lead one to infer any thoroughgoing equality
in the facts which the fractions only partially represent. The
relation of one-half of a man to a whole man is by no means
the same as the relation of one-half of an earthworm to a whole
earthworm, or of one-half of a dollar to a whole dollar. In
fact, every measure of improvement by a gross difference or by
a ratio must be accompanied by a statement of the initial or
final gross actual ability.

It is beyond the province of this article to discuss the intri-
cacies of methods of measuring change. The aim here is only
to show and very roughly measure those differences by a
method to which no one can properly object. Consider, then,
the following eight records:

GROSS RECORDS

Initial (I) Final (F) Ratios F/I Estimated
Single F /I
Ratios,
& a » errors being
Time g Time g a Errors equated
54 o s into time
2765 6 377 6 4 100 14
1870 2 450 I 24 8 20
2665 19 637 10 24 53 21
2130 7 600 I 28 14 26
2185 16 1803 5 82 31 70
1590 13 950 14 60 108 59
3335 12 1915 5 54 42 50
2834 23 1511 10 53 44 50

Now whether we regard a poor initial record as favorable to
later improvement or not; whether we mean by twice as much
improvement twice as much gross reduction in time or twice as
much percentile reduction or twice as low an ending-beginning
ratio—in any case we find some one of the first group who
improves two and a half times as much as some one of the
second group. ‘There is, then, a range of at least two and a
half to one among the 28 students on any reasonable and on
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INTELLECTUAL FUNCTION 379

most unreasonable methods of scoring improvement. Nor would
the unreliability of the measures of individual improvement be
any more likely to decrease than to increase this range.

An investigation of the relationship of this difference in
amount of improvement to other differences amongst the 28
individuals becomes necessarily very complex, and I shall not
present the evidence here. There is a positive correlation with
general intellectual achievement, a correlation which I estimate
roughly as at least .4, possibly much higher.

There is apparently a zero or a slight negative relationship
with the vividness and fidelity of visual images of the num-
bers, partial products, etc. The proportions of those of strong
and of weak visual images were closely the same in those im-
proving much and those improving little. Of the few cases
who reported increase or decrease in the strength of the visual
images of the numbers during the course of practice, those
who reported a decrease improved somewhat more. It is also
significant that more individuals reported a decrease than did
an increase (9 and 3 respectively).

THE LIiMrrs oF Pracrice EFFECT

For the function practiced, the multiplication of a three
place number by a three place number, the physiological limit
is, for a capable person, very, very low, for such a person could,
by devoting himself absolutely to it long enough, arrive at a
knowledge of a large part of the multiplicalion table up to 999
times 999, and at an absolute knowledge of the multiplication
table up to 9gg times g9. There is no question of the attain-
ment of such a final limit of practice in this experiment, but
one individual (No. 4) did reach a condition beyond which
the remaining practice of the experiment itself did not appre-
ciably improve him. (See Fig. 1.) Such was possibly the
case also with individual o.

In view of the fact that the ultimate limit is far below the
ability recorded by subject 4, the arrest of practice effect at
this level may be taken to represent a ‘plateau’ from which the
curve would sometime descend.

CHANGES IN THE RATE OF IMPROVEMENT

Practice in mental multiplication with two three place num-
bers is not well fitted to show changes in the rate of improve-
ment because of the large variation in the result for any one
example which a slight lapse of attention or memory may cause,
though possibly it is as suitable as any equally complicated
and difficult purely mental function would be. For this special
purpose the presentation of the numbers themselves to sense
perception, or the use of two place numbers, might be better.
However, certain facts are shown with sufficient clearness and
reliability.
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F16. 1. The changes in the Rate of Improvement in Individuals.
The course of practice runs from left to right, the whole abscissa-
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INTELLECTUAL FUNCTION 381

length equalling 95 examples. Thelength of the curve represents (in
hundreds of seconds) the time required to do ten examples plus the
allowance for errors made. Individuals are grouped according to
their degree of ability in the first ten examples. For the reasons
stated on pages 375, 377 and 378 only the general sweep of each curve
should be considered in arguing concerning individual differences.

In general, the earlier periods of practice show the greatest
gross reduction in the scores. The graphic records of the indi-
viduals (Fig. 1) show this change.

Sem— 82 i e me flrmimeme [§s enen
Fic. I (Continued).

The apparent changes in the rate of improvement, that is the
forms of the practice curve, are widely different amongst differ-
ent individuals. This, again, is clear from the graphic records.
These apparent changes in the rate of improvement are due in
part to the variations in conditions from which the effect of
mere practice per se must be freed before one can prove that the
law of change in the rate of improvement varies with individuals
and, if so, how far it varies.

If, however, there were one law of change of rate of im-
provement from the start through this period of practice ident-
ical for all the 28 individuals, we could, from the present data,
ascertain fairly closely what the law was. We could, that is,
answer the following question :
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382 THORNDIKE

Considering the 28 individuals as all starting at ‘‘the ability
given by Iro to 20 years of general experience with mental work,”
and ending with ‘the ability given by 10-20 years of general
mental work plus the mental multiplication of 95 examples,” and
considering the change in their rates of improvement from the start
Lo the end lo be due lo one general law of change of rate plus indi-
vidual deviations from it due to internal and external disturbing
Sactors, what is this general law of change of rate ?

The answer to this question is given by the continuous line
of Fig. 2, which presents approximately the one rate of change
from which the 28 separate rates of change could come with
the least improbability as a result of disturbing causes. Itis
obtained by eliminating the total amount of change from con-
sideration in every case by taking the diferences—score for
examples 1 to 10 minus score for examples II to 20,
and so on up to 81 to 9o, and dividing them by the total
change, 7. ¢., score for 1 to 10 minus score for 81 to go. We have,
then, 28 practice curves all beginning at 1oo and ending at o,
and can find the one such curve which represents the central
tendency of them all.

It might well be that though no such one law held for the
change of rate of improvement from the beginning to the end
of the practice given in such an experiment, some one law

100

15

5o

25

F1G.2. The General Law of Change of Rate of Improvement in the
Case of each of Two Suppositions.

might hold for this change of rate of improvement from a
given ability (say to do 10 three place examples in 50 minutes
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INTELLECTUAL FUNCTION 383

with 15 errors) to another given ability (say to do them in 25
minutes with 10 errors). That is, there might be identity in
the rate of change in improvement amongst individuals whose
total improvement was identical, so that significance attaches
to the answer to the following hypothetical question:

Considering the changes in the rate of improvement from any
one given degree of ability to any other given degree of ability to
be due to one general law of change of rate plus individual devia-
tions from it due to internal and external disturbing factors, what
is this general law of change of rate?

This general law for the case of progress from a score of
4,000 to a score of 2,000 for ten examples is approximately that
given by the dotted line of Fig. 2. It is obtained by taking
the individuals® who, in some succession of tens of their prac-
tice, progressed from 4,000 or more to 2,000 or better, and
plotting for each a curve irrespective of the amount of practice
that carried them from a 4,000 score to a 2,000 score. The
curves, that is, all start at 4,000, all end at 2,000, and all
occupy the same length of the abscissa, so that they vary in
the one element of the rate of change of improvement. The
dotted line of Fig. 2 represents the one such curve from which
theseparate curves could be derived with the least improbability.

The reader will understand that the writer does not attempt
to decide whether there is, for either case, any such one general
law. As was stated on a previous page, three place mental
multiplication is not a specially favorable case to study the
issue and the measurement of the influence of external factors
could not, in the present study, be made satisfactorily. So far
as the evidence does go, it favors the conclusion that the differ-
ences amongst individuals in the changes in rate of improve-
ment are due not only to the influence of one same law plus
differences in conditions, but also to the action of radically
different laws acting on different individuals according to the
different physiological changes in them to which the improve-
ment is due. The curves of Fig. 2 would then be mongrels
representing no significant laws of nature.

THE INFLUENCE OF EQUAIL PRACTICE UPON INDIVIDUAL
DIFFERENCES

Experiments in practice offer evidence concerning the rela-
tive importance of original nature and training in determining
achievement. In so far as the differences amongst individu-
als in the ability at the start of the experiment are due to
differences of training, they should be reduced by further train-
ing given in equal measure to all the individuals. If, on the

!In this case two individuals not in the 28 were included since the
completion of the entire g6 examples is here irrelevant.
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384 THORNDIKE

contrary, in spite of equal training the differences amongst in-
dividuals remain as large as ever, they are to be attributed to
differences in original capacity.

As a matter of fact in this experiment the larger individual
differences increase with equal training, showing a positive cor-
relation of high initial ability with ability to profit by training.
The data are given in Table II.

TABLE II

The ratios of the worse to the better records, early and late in the
course of practice.

The numbers I to 28 refer to the records in order of excellence,
the same number thus possibly meaning different individuals.

Rec- For For For For For For [Relationoflate
ords | First | First |Second| Ninth |Eighth| Last |35 varh
Com- | 5 Ex- {10 Ex-|{ 10 Ex-|10 Ex- | 10 Ex-| 5 Ex-| different

pared |amples|amples|ampleslamples |amples|amples|measures of it

21/8 1.73 1.68 1.61 1.44 1.42 I.41 Less
22/7 1.93 1.88 1.71 1.57 1.49 1.60 Less
23/6 2.21 2.04 1.92 1.78 1.59 1.95 Less
24/5 2.32 2.36 2.08 2.25 2.70 2.81 Greater
25/4 2.44 | 2.59 | 2.31 284 | 376 | 3.18 Greater
26/3 3.00 2.83 2.44 3.27 4.07 3.48 Greater
27/2 3.36 3.29 3.53 3.66 4.48 4.58 Greater
28/1 5.60 4.01 3.85 5.02 4.58 5.61 Greater

Itis impossible as yet to demonstrate how far this influence
of equal practice extends amongst the important mental func-
tions, partly because common life does not make the experi-
ment of equal practice often enough for us, and partly because
comparable units for the measurement of mental achievement
are so often lacking. To the author the achievements of stu-
dents in schools and colleges seem to show in general that the
greater original capacity gains as much or more from the same
environmental training, and the differences amongst individu-
als who have all been brought practically to their physiological
limit in the case of speed of reading, musical technique, ability
in science or business or the like seem to be in general greater
than the differences amongst the same individuals at earlier
equivalent stages in practice. Moreover, it seems extremely
probable from many facts of dynamic psychology that the man
who has the capacity to improve to a given small degree more
quickly than another should also improve more quickly to the
next degree and should also, by and by, be capable of improv-
ing to a higher degree if given the maximum of efficient
training.
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