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Ineveryday life, rolling motion is typically associated with cylindrical (for example,
car wheels) or spherical (for example, billiard balls) bodies tracing linear paths.
However, mathematicians have, for decades, beeninterested in more exotically
shaped solids such as the famous oloids', sphericons?, polycons?®, platonicons*and
two-circlerollers’ that roll downhill in curvilinear paths (in contrast to cylinders

or spheres) yetindefinitely (in contrast to cones, Supplementary Video 1). The
trajectories traced by such bodies have been studied in detail®®, and can be useful in
the context of efficient mixing'*" and robotics, for example, in magnetically actuated,
millimetre-sized sphericon-shaped robots™?®, or larger sphericon- and oloid-shaped
robots translocating by shifting their centre of mass'*". However, the rolling paths
of'these shapes are all sinusoid-like and their diversity ends there. Accordingly, we
wereintrigued whether amore general problem is solvable: given an infinite periodic
trajectory, find the shape that would trace this trajectory when rolling down aslope.
Here, we develop an algorithm to design such bodies—which we call ‘trajectoids’—and

then validate these designs experimentally by three-dimensionally printing the
computed shapes and tracking their rolling paths, including those that close onto
themselves such that the body’s centre of mass moves intermittently uphill
(Supplementary Video 2). Our study is motivated largely by fundamental curiosity,
but the existence of trajectoids for most paths has unexpected implications for
quantum and classical optics, as the dynamics of qubits, spins and light polarization
can be exactly mapped to trajectoids and their paths'.

Let us begin by drawing some curve T on a plane, copying it multiple
times toformaninfinite periodictrajectory T, and inclining the plane
slightly (Fig. 1a). The question we then ask is whether it is possible to
design a solid body—which we will call a ‘trajectoid’—to roll exactly
along T, without slipping or pivoting (in which ‘pivoting’ means spin-
ning about a normal to the plane at a point of contact).

Todevelopintuition about engineering such objects, we begin with
the simplest case: a cylinder of radius r rolling without slipping or
pivoting over a horizontal planeis a trajectoid of a straight line (Fig. 1b).
For the preferred, linear path, the cylinder’s centre of mass (CM) is
always at a height r above the plane (Fig. 1b, green dot): in this sense,
the pathisan ‘equipotential’ one, and any deviation fromit would raise
the cylinder’s CM (to the red dot), thereby increasing the gravitational
potential energy (green surface).

Extendingto aflat path Tcomposed of several straight lines (Fig. 1c),
we consider a ‘virtual’ assembly of a heavy sphere (radius r) encased
inside a weightless spherical ‘ghost’ shell of radius R > r. We shave off
part of the shell to leave behind a locally cylindrical region of radius r:
in this way, the object can roll along the first segment, with the points
of attachment of the inner, heavy sphere tracing precisely this portion

of the path T. When the starting point of the next segment is reached,
we trim the shell to define another local cylinder to roll along this new
direction. The procedure is then repeated until reaching the end of the
polygonal path (or, in general, of a curvilinear path approximated by a
union of infinitesimally short linear segments). The body thus shaped
can be construed as a piecewise combination of gradually reorienting
cylinders whose axes remain parallel to the plane below, and pass
through the body’s CM. This CM always remains at a height rabove the
plane, and the planar path defines an equipotential ‘trench’ in the tra-
jectoid’slandscape of gravitational energy (Fig. 1b). Whereas the sphere
touches the plane at a single point at a time, the final shape touches it
atmany points at once (as with cylinder-to-plane contact), giving stabil-
ity to the roll. Some examplesiillustrating the morphing procedure for
different trajectories and for different values of R/r are showninFig.1d,e.

Condition for trajectoid existence

For an object to qualify as a trajectoid, it must periodically regain its
initial three-dimensional orientation. Noting that the points of the
object’s contact with the planar trajectory T also trace a certain curve
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Fig.1|Rolling paths and trajectoid shapes. a, Anarbitrary curve T (dark
blue) drawnonaninclined plane (grid) serves as one period of aninfinite
translationally symmetric trajectory T.to be traced by the trajectoid.

b, Acylinder (gold) rolling along the plane (blue grid) must tilt sideways, as
shown, todeviate fromits preferred linear path of rolling (thick grey line on the
grid). Suchatiltinevitably raises the cylinder’s CM (red dot) along a cycloid-like
curve (solid black) away from CM’s original level (green dot): the preferred
linear path corresponds toatrenchinthegravitational potential landscape
(greensurface, also see Extended DataFig. 6). For anillustrationin frontal
projection, see Extended Data Fig.1a.c, The design of atrajectoid shapestarts
witharigid core (blue) of radius rsurrounded by amassless concentric shell
(gold colour) of radius R>r. This composite structure, shown here in central
cross-section, is forcibly moved ininfinitely small steps such that the spherical
corerollsalongthe target path (grey polygonal chain) without slipping or
pivoting (Supplementary Video 1). To allow suchrolling, the shell is ‘shaved’ to
leave apatch of cylindrical surface (orange). The point CMis the centre of mass
ofthe core, and therefore of the whole assembly. d, Trajectoids for alinear path
using different ratios R/r consist of acylindrical part (orange) of radius rand
two surviving spherical segments of the shell (gold). e, Trajectoids for the
curvilinear path (sameasin Fig.2aand experimentally realized in Fig. 4d) using
differentratios R/r. At R/r=1.01, the body s still roughly spherical but for
higher values shown, the shape becomes complex (and does not change for
R/rz2.80)and hasimproved stability due to deeper potential energy trench
(band Extended DataFig.1a).

onthesurface of thisobject’sinner, heavy sphere (Figs. 1cand 2a), the
condition for periodic motion can be recast in terms of the rotation
group acting onthis rolling sphere. Specifically, an n-period trajectoid
exists foratranslationally invariant path T..if there exists aball of finite
radius r, which, after rolling (without slipping or pivoting) along n
periods T composing the subpath T, = AQ, regains the same orientation
atendpointQ asitinitially had at starting point A. Repeating this cycle,
the trajectoid thenrolls indefinitely along T..

Area Area

Spherig_a\l
curve AQ

Path T, as
flat metal strip

Fig. 2| Path-to-sphere mappingand trajectoid existence. a, Condition
necessary for trajectoid existence. A flat path T, = AQ (starting at point Aand
ending at point Q) canbe construed as asticky metal strip that easily bends out
ofthe plane yet maintainsits length and geodesic (initially, in-plane) curvature.
This metal strip attaches (maps) to the sphere being rolled alongitand
becomesthesequence of the sphere-plane contact points. Foratrajectoid of
AQ toexist,onreaching the pointQ, the sphere mustarrive at the same 3D
orientationasithad atthe starting point A. This conditionis equivalentto AQ
beinga closed spherical curve splitting the sphere’s surface into two equal
areas 2mir’ (shaded green and yellow on the rightmost sphereina). b-d, Whena
path T (b, one period) does not map ontoaclosed curveonasphereitcanbe
eitherappended with abridge (c, coloured inred and orange here) or deformed
(d, greenlines connect the points of original black T to respective points of its
deformed blue version, see main text and Methods for details). Some T canbe
transformed in this way to yield viable one-period trajectoids (experimentsin
Fig.4d,e,g,n,0). e, By contrast, atwo-period trajectoid exists for most paths
and noamendments to the pathare needed (the green circle shows where the
two periods meet).

The path T,,= AQcan be represented by the dependence of its normal
n(¢) = (cosy(t), siny(t), 0) (bluein Fig.2a)onthe arclength talong
the trajectory, where ¢ is the angle n(¢) forms with the planar projec-
tion of gravity. Alternatively, T, can be specified by the curvature
k(t) =dg/dtand theinitial angle ¢»(0) (ref.17). The translational perio-
dicity of the path T, (as in Fig. 1a) indicates that the curvature obeys
anindex theorem®,

(p(t)‘ - [ x@de=2m, )
T

where /1 is the rotation index of the period T, for example, Iy =0 if T
does not self-intersect. A complementary scenario was recently con-
sidered® where bodies are designed such that their rolling paths are
confined to a finite region on the plane. These ‘non-trajectoids’
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therefore violate the property in equation (1) and are bound to halt
when rolling autonomously down a slope.

Let us now model the rolling motionin aframe of reference inwhich
the sphere’s centre is stationary and the sphere rotates around it. We
approximate the planar path AQ = n(t) by a polygon made of Nshort
straight segments of length 6t. In the said coordinate system, each
segment 6t with starting point¢;induces arotation of the sphere around
an axis parallel to the normal to the path n(¢) (blue arrows in Fig. 2a)
byanangle 6t/r (Methods). Therotationis captured by arotation matrix
R;=expl(6t/r)(n(t,) - L)], where the generators of the rotation group
SO@3)areL=(L,, Ly, L,).As the sphereisrolling, the rotations R;acton
the sphere sequentially, progressing from the first to the last segment
(Fig. 1c), and the overall rotation R, is then their ‘time-ordered pro-
duct’, Ry, = Ry-+-RyR;. Inthelimit N > =, the overall rotation R, becomes
an infinite product of minute rotations, which takes the form of a
time-ordered exponential, familiar from quantum field theory®,

Q
Rug=T [exp{}_IA den(e) - LH 2)

where the time-ordering operator 7 ensures that the rotations and the
generators are multiplied inthe correct order according to their posi-
tion talong the path. Interms of rotation matrices, the trajectoid must
obey R, =1, where1is the identity matrix.

Per the illustration in Fig. 2a, this condition can be visualized by
imagining thatthe flatcurve T,,= AQ s cut out of a flexible metal sheet
asanarrowribbonthat canbend out of plane and stick onto therolling
ball, producing a curve AQ on the sphere. As the sticking ribbon
deforms only out-of-plane, it conserves the arclength ¢ (by forbidding
stretching due toslipping) and the geodesic curvature k(¢) (by forbid-
dingin-planebending due to pivoting). Thus, k() would now become
the geodesic curvature of the ‘attached’ spherical curve AQ.

The Ry =1 condition implies that AQ s a closed curve on the
sphere. By the Gauss-Bonnet theorem™*2, AQ encircles an area,
S=2mr¥1- 1), where the rotation index is /55=(2m)' § dex(¢). The
invariance of k (¢), as illustrated by the sticky ribbon, indicates that
itsintegral, therotationindex, isalso conserved, /55=1/,o= nly.Hence,
by equation (1), the area enclosed by AQ, on either side (green and
yellow in the rightmost panel of Fig. 2a) is $ = 2nr2(1- 1, ) = 21r 2, for
Iy=0.1f AQ self-intersects, then the standard definitions of signed
oriented area are in effect’® and, with this convention, the area must
be a multiple of 21tr2.

One- and multiple-period trajectoids

Itisobviously not guaranteed that an arbitrary one-period path T will
map onto therolling sphere as aclosed loop, let alone enclose an area
of exactly 2ri/% In fact, these conditions are typically not met and
one-period trajectoids (n = 1) are expected to be rare. This said, agiven
path T can sometimes be heuristically adjusted to produce a similar
trajectory that does close up onasphere and encloses 2mr* areas. One
way to dosois by appendingaspecially constructed bridge to the given
path (Fig. 2b,c, see details in Extended Data Fig. 3 and Methods).
Anotheristodeformthegiven pathasillustrated in Fig.2d and Extended
Data Fig. 2. In both approaches, the quantity to minimize is the angle
6 of mismatch between the initial and final orientations of the sphere
on completing one path period T (for details, see Methods). As we will
see later, these procedures generally produce trajectoids that, when
physically fabricated, trace the adjusted paths faithfully and periodi-
cally (Fig. 4).

Instriking contrastton =1, we prove below that two-and higher-period
trajectoids, n > 2, exist for a broad class of paths defined by a general
property tdescribed below. In our numerical experiments, arandom
graph drawn on the plane always belonged to this class. This includes
wildly self-intersecting and convoluted graphs (Extended Data Fig. 4).
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Fig.3|Property mand TPT theorem. Illlustration of property mensuring the
existence of TPTs (see text for details) for apath whose period (green or blue
ind) consists of asemicircle, two straight lines and two smallarcs to smooth
the corners. a-c, Spherical trace T (green) of the contact point onrolling a unit
sphere alongone period of the path. We use control parameter o=_L/(2nr)—the
ratio of the path’slength L and the sphere’s circumference (for example,0=1
foragreatcircle).a,0=0.304.b,0=0.526.c,0=0.81.Aso increasesfromatoc,
thearea S (o) (shaded green) enclosed by the greenspherical trace T and
theredarc U alsoincreases (plotted inf, orange curve and bottom axis) and
eventuallyreachesmind (alsoshown by aleftred dotinf). Forananimation, see
Supplementary Video 3. Points marked on the orange curve S(o)in fcorrespond
toa-c.Thepurplecurveinfisarespective plot forarandomwalk path (Extended
DataFig.4g), its trajectoid solution marked by the rightmostred circle. Note
that this functionis non-monotonic (text). e, lllustration of the proof of the TPT
theorem. See text and Supplementary Video 3 for details.

Two-period trajectoid theorem

Two-period trajectoids (TPTs) can be constructed for paths T, whose
period T hasthe following property 1i: As asphere of finite radius r > 0
rolls along the period T = AM, the contact point traces on the sphere’s
surface a spherical curve T, whichis not necessarily closed (greenin

Fig. 3a-c). Together, T and a great arc U (red) connecting its ends M

and Aenclose some oriented spherical area S(r). The conditionrequires

that there exists an r for which S(r)/r?= 1 (red dots in Fig. 3f).

The proof relies on the following simple observation: by the
Gauss-Bonnet theorem, the integral of geodesic curvature along a
spherical curve with property mis, modulo 2n,§ dtk(t)=2m-S(r)/r’=n
(details in Methods). However, the curvature integral vanishes along
T (by periodicity, equation (1)), and along the great arc U (becauseit
isgeodesic), sothe only remaining contribution comes fromthe corners
A and M whose angles therefore add up to it (t— a and « in Fig. 3e).
This property allows us to draw a180°-rotated image Tg, (Fig. 3¢, blue)
of the original curve T (Fig. 3e, green), such that the two curves con-
nect smoothly at A=Qand M to form a closed two-period curve, ?2
enclosing an area S(r) = 2mr?, thus obeying condition R, =1. This
proves the TPT theorem. We make three remarks about this result.
(1) Having property Tt is not obvious, because S(r)/r* may often be a

non-monotonic function of r (Fig. 3f and Extended Data Fig. 4e,h
and figure captions). Also, property mis sufficient but not necessary
for the existence of a TPT: for instance, a degenerate loop in which
aflatcurveistraversed forward and thenin reverse, automatically
yields aperiod-onetrajectoid, and therefore a TPT as well. Alterna-
tive forms of property mare discussed in the Methods.

(2) The TPT theorem proof implies, in particular, that splitting the
trajectoid through the plane of the greatarc U produces twoiden-
tical halves: we illustrate this twofold rotational symmetry in Sup-
plementary Video 2 (first experiment) with a trajectoid built from
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Fig.4 | Experimental validation. a,b, Methods of CMengineering:introducing
strategically placed voids (a) or using aheavy sphere concentric with the desired
location of the CM (b). ¢, Photograph of two three-dimensionally printed halves
of oneshape, each containing ahemispherical void for housing a steel ball
bearing (1-inch diameter). d-o, Examples of specific paths and corresponding
bodies. Solid black lines are intended trajectories of the CM. Blue curves are
experimental trajectories obtained by image-processing of top-view
experimental videos (Methods and Supplementary Video 2). Filled black
(orblackand red inf) markers denote locations corresponding to the body’s
single revolution. The smallest period is between any two adjacent black circles
(empty or filled). Green circles highlight sharp corners at which tumbling or
recoilingwas observed. Yellow arrows point to slight zig-zag wiggling of

the experimental trajectory around theintended path.d,e, Examples of

such halves (Fig. 4j). Generalizing this construction to n-fold sym-
metry, we prove that multi-period trajectoids (MPT) withany n>1
exist for paths having property 2n/n (MPT theorem in the
Methods).

(3) Property mis obeyed by a rich variety of unusual paths, including
self-intersecting, spiralling and two-dimensional random walk
paths shown in Extended Data Fig. 4. On the other hand, there
exist special paths that violate property 1. A simple exampleis a sym-
metric, V-shaped pathwith anacute angle between the equal arms
(Extended Data Fig. 5a-cand Supplementary Video 4) or some more
complex V-like paths with perfect symmetry of the arms (Extended
Data Fig. 5d and further details in Methods). Because of this extra
symmetry, they are much rarer than paths having property 1. Also
note that any slightest tapering of the acute angle of V-shaped path
already gives it property m (Extended Data Fig. 5g). Although we
cannot prove that these are the only paths that violate property
T, we conjecture that paths without property m are infinitely rare,
because they never appeared among random pathsin our numeri-
cal experiments.

Experimental validation

Turning to the experimental validation of the algorithm, we recall that
thelocation of the trajectoid’s CM was assumed to be insensitive to the
final shape itself, and so the CM of the manufactured object must be
at this predefined point Cy,. This can be achieved in several ways.

soanBRODGOS

Downhill direction

]

—— Theory
—— Experiment

single-period, n =1trajectoids of strictly downhill paths. f,i, Examples of paths
that have nosingle-period trajectoid; the body shaped to match this path
stops after one period at the point marked red. g, However, the single-period
trajectoid exists for a path similar to fbut with abridge (orange) appended
toit. h, Alternatively, theinput path fromfcanbetraced by atwo-period,n=2
trajectoid. Correspondenceto fand gisemphasized by brown dashed lines.
Alongpath h, the trajectoid gains enough kinetic energy to cut some corners
(forexample, purple arrows) and occasionally escape the main potential
trenchillustrated in Extended Data Fig. 7c.j,m, Further n=2trajectoids. The
trajectoid injis manufactured from twoidentical halves (magentaand green)
corresponding to two periods (symmetry axis OCin Fig.3e).n,0,Then=1
trajectoids thatroll, respectively, intermittently upwards andinloops. Scale
barsarelcm.Eachexperiment wasreplicated atleast 5times.

For example, voids can be strategically introduced into the design of
athree-dimensionally printed object®*? (Fig. 4a), including voids that
reach the surface: these would not affect the rolling as long as they do
notinfluence the shape’s convex hull. Instead, we simply placed aheavy
1-inch (2.54 ¢cm) ball bearing (steel, p=7.8 g cm™) into a spherical
cavity centred on Cy, (Fig. 4b) inside a trajectoid made of a light,
p=1.25gcm?, polylactic acid (PLA). As shown in the image in Fig. 4c,
we three-dimensionally printed the shape intwo halves, each one hav-
ing a hemispherical cavity for the steel ball, and glued them together
after the ball was inserted. The shape of the PLA shell was determined
by the shaving procedure described earlier (Fig. 1) and implemented
numerically as described in the Methods. Readers can doit for a path
of their own by using the online Google Colab notebook released with
this paper. We used the R/r value of 1.3 to ensure adequate depth of
the potential energy groove (Fig. 1 and Extended Data Fig. 1a) and
better stability along the path. Overall, this fabrication scheme ensured
thatour trajectoids were heavy despite the low density of the PLA part,
whichis experimentally convenient as it makes gravity dominant rela-
tive to stray forces of other nature. Furthermore, it makes rotational
inertia more isotropic, with moments of inertia dominated by those
of the heavy steel ball.

The fabricated trajectoids were released to roll down a flat plane
inclined at angles 0.6-1.7°, with the instantaneous locations of the
centre of gravity estimated and tracked (Methods). Figs. 4d,e,n,0 and
Extended Data Fig. 6a,b show the trajectories traced by one-period
(n=1) trajectoids. As seen, there is generally close correspondence

Nature | Vol 620 | 10 August 2023 | 313



Article

between the intended and experimental results, save for some wiggling
at sharp corners that is due to non-zero inertia of the physical bodies
(if the trajectoid loses too little energy to friction and inelastic colli-
sions, its total energy might eventually become sufficient for escap-
ing the potential trench that follows the target path; see the last two
periods in Fig. 4h and Supplementary Videos 1 and 2). Next, Fig. 4f,i
shows bodies for which the single-period path T mapped onto the
sphere does not close up: as predicted, the rolling for such abody is
not periodic and it stops after one period (red dot). However, a trajec-
toid canbe constructed when Tis either corrected by adding abridge
(orange colour in Fig.4g) or when, in accordance to TPT theorem, two
periods T are used (n =2 trajectoids in Fig. 4h,j). More examples of
n=2trajectoids are shown in Figs. 4j—m. Apart from being a source
of local wiggling, inertia can be harnessed to follow trajectories that
intermittently roll upwards (Fig. 4n) or eveninloops (Fig. 40). Although
the energy of a downward-rolling object decreases owing to friction,
its kinetic component (inertia) may be sufficient to climb along the
potential groove yet insufficient to escape it (Extended Data Fig. 7).
In practice, such trajectoids performed reliably only for sufficiently
smooth paths, because recoils and oscillations near sharp turns
render the energy loss stochastic and thereby the progression along
the periods unpredictable.

Extensions and outlook

The TPT theorem is a universal property of rotations that can be
translated from trajectoids to other physical systems governed by
the rotation group SO(3). In quantum-mechanical systems, the
overall rotation R, (2) can be seen as a time-evolution operator,

U= T{exp[—(i/ﬁ)fil dtH(t)]} , with atime-dependent Hamiltonian
H(t) ~ n(t) - L and a time-varying field n(¢). Notable examples are a
magnetic dipole in a planar magnetic field** and the Bloch sphere
representation of aqubit driven by an electric field® ¥ (Extended Data
Fig. 9a and Methods). By ‘almost any’ rotation sequences we hence-
forth mean those having property 1. The TPT theorem suggests that
almost any planar field pulse n(¢), once scaled by an appropriate fac-
tor r> 0 and applied twice in a row, will return the system exactly to
itsoriginal state, Uy = 1. Such 360°-rotation pulses play arolein com-
mon pulse sequences, as found in rotary echo®®?’ and Wimperis
sequences, and the TPT theorem may inspire a new sequence design
for nuclear magnetic resonance (NMR)', atom interferometry® or
verification of quantum simulators®. The scaling factor rcan be inter-
preted as modulating the magnitude of the pulse, n(¢t) > n(¢)/r, or as
stretching it in time, n(¢) > n(¢r) (Extended Data Fig. 9b,c and Sup-
plementary Video 5). In this analogy, very small trajectoids, r > O,
represent the adiabatic limit, where the field n(¢r)changes very slowly
relative to the revolutions of the state vector: to such a tiny rolling
trajectoid, smooth paths seem straight and therefore trace great cir-
cles onthe coreball (Fig.2), such that the trajectoid becomes acylin-
der (shown in Supplementary Video 8, Extended Data Fig. 10
and Methods).

Inclassical optics, the evolving state vector can be taken as polariza-
tion vector of light rotating on the Poincaré sphere (Extended Data
Fig.9d). When light passes through a thin uniaxial waveplate, its polar-
ization vector rotates by anangle proportional to the plate’s thickness
6t, around a planar axis n=(cosy, sing, 0) (refs. 33,34), where /2 is
the angle of the waveplate’s optical axis (Extended Data Fig. 9e and
Methods). Here, the TPT theorem implies that for almost any given
sequence of waveplates—with arbitrary thicknesses 6¢;and optical axis
directionsy,/2—there exists a scaling factor rsuch thatany lightenter-
ing the doubled sequence of waveplates with thicknesses 6t;/r regains
its original polarization when it exits (Extended Data Fig. 9e-g and
Supplementary Video 6). This basic property may become another
tool in an optical designer’s toolbox, perhaps an aid in creating
polarization-insensitive (‘phase-only’) optical devices based on liquid
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crystal electro-optic effects for LIDAR (laser imaging, detection and
ranging) and holographic displays®.

Further examination of the basic geometric problem of trajectoids
may lead to unexpected analogies and applications in other physical
settings, for example, when the trajectoids in time-varying driving
field (for example, magnetic'>'®) could be used to achieve complex
motions with fewer moving parts and inside sealed spaces. Moreover,
trajectoids morphing on-the-fly by means of piezoelectric actuators
for solids®® or gas inflation of soft hollow shapes® could be useful
inrobotics.
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Methods

Numerical calculation of the trajectoid shape

Once we approximate the planar path AQby a polygon made of short
line segments of length 6¢, as described in the main text, the matrix
R, for rotation from the start of the path (¢, = 0) to the position ¢ is
aproduct:

k
Rico=[1 Ri=RiRyR, 3)

i=1

The removal of ashell fragment (shaving) is performed by applying
Boolean mesh operations to subtract a series of cubes G, = (Ry.o) 'C
from the initially geodesic mesh of the shell that envelopes (and is
concentric with) the core sphere. The inverse rotations slide the cube
along the spherical path, instead of rotating the core with respect to
C. Meshes of the cubes C, were produced with Python by rotations of
acube Cwhose position and orientation are shown in Extended Data
Fig.1b, then the C, wereimported into Autodesk 3ds Max 2018 (ref. 40)
for executing standard Boolean mesh operations, although any other
3D CAD software would also be suitable for the purpose. Readers can
supply their intended paths to the online Google Colab notebook
released with this paper (Code availability statement at the end of the
paper) to calculate trajectoid shapes.

Fabrication

After the trajectoid’s shape was calculated numerically as described
above and using parameters r=15.88 and R =20.64 mm, three-
dimensional (3D) printing of calculated shape was performed with
PLA on Ultimaker 3 Extended printer (Ultimaker B.V.) with triangular
infillat 50% density (generated by Ultimaker Curaslicer). To ensure that
the CM of the manufactured object was always at the predefined point
(CMinFig.1c),aheavysteelball (diameter 2.54 cmor1linch =1.6r) was
placedinto aspherical cavity centred on CM (Extended DataFig.1d and
Fig. 4c). As shown in Fig. 4c, the trajectoid was three-dimensionally
printed in two halves, each having a hemispherical cavity for the steel
ball. After the ball was inserted, the halves were glued together with
cyanoacrylate (Loctite) glue. This approach yielded a heavy object
despite the low density of the 3D-printing material (PLA) and ensured
that gravity dominated stray forces of different natures. Furthermore,
it made rotational inertia more isotropic, with moments of inertia
dominated by those of the heavy steel ball.

Analysis of experimental trajectories

Silicon carbide abrasive paper (electro-coated, 2000Cw) was glued
onto a sloped 12-mm-thick glass slab to prevent slippage and pivo-
ting during rolling. Slope angle and direction were measured by high-
precision, two-axis digital inclinometer (Dong-Do IM-2DT). Videos were
acquired at either 60 or 120 frames per second using a digital camera
(D850, Nikon) placed1.62 mabove the slope. The centroid of the object’s
apparent projection onthe top-view videos was found by thresholding
thered, green, blue values of video frames to detect the projection out-
line. Before finding the centroid, aconvex hull operation was applied to
the detected projectionto eliminate any possible non-convexity: as the
object’sshapeis convex by construction, its projection must be convex.
To evaluate whether the centroid of the visible shape can be used as
anadequate estimate of the object’s CM location, we simulated shape
projections of the trajectoid onto the plane asitrolled along the target
path. We then compared the trajectory of the simulated projection
centroid (orange solid lines in Extended Data Fig. 8a—c) to the target
path, thatis, to the theoretical trajectory of projection of the CM onto
the plane (black solid lines in Extended Data Fig. 8a-c). The difference
between these two trajectories was found to be negligible. Further-
more, for trajectoids of paths as in Extended Data Fig. 9a,c, the planar
distance between the projection of the CM and the centroid of the shape

projection never exceeds 8.7% of the trajectoid’s minimal radius r=1
for all possible orientations of the trajectoid (Extended Data Fig. 8d,f).

Note 1: the location of the CM can also be estimated more precisely
by applying the standard algorithms of six-degree-of-freedom (6D)
pose (position and orientation) tracking to the experimental video:
these algorithmsyield globallocation and orientation of the solid’s own
reference frame, in which location of the true CMis known a priori. To
test thismethod, we applied markersto the surface of amanufactured
trajectoid (black dots in Extended Data Fig. 8e), filmed its rolling at
120 frames per second and applied 6D pose estimation algorithms of
the Blender software* (Supplementary Video 6). Data presented in
Extended DataFig. 8h,ievidenced that the 6D pose approach produces
only anegligibleimprovement of precision as compared to the shape
centroid method described above.

Note 2: the symmetry of the two halves of the TPT is illustrated at
the beginning of Supplementary Video 2 with atwo-colour trajectoid.
However, only one-colour trajectoids were used for analysis of experi-
mental trajectories.

Pathintegral form of the R,, = 1 condition

Foraninfinitesimal path segment d¢, the rotation matrix can be written
in terms of the rotation group generators: R(n(¢), dt/r) = /7™ L) =
1+ (d¢/r)(n-L).Hence, the matrix of net accumulated rotation after
rolling along the entire period AQis a product integral,

Q Q Q
Raa= [ R 00, )= ] &F@0v - [} 1+ Lm0 |

t=A t=A t=A

where each further rotation matrix is multiplied from the left-hand
side. Equivalently, one can write a path-ordered exponential,

Q
Ryo=T [exp{lIA den(e)- LH )

where the time-ordering operator 7 makes sure that the rotations and
the generators are multiplied in the correct order according to their
positions along the path. This compact form links the trajectoids to
the basic concept of propagators and path integrals of quantum field
theory®. In this language, the trajectoid existence condition means
that the time-evolution operator in equation (2) is equal to the unity
rotationR,o=1.

Further considerations for the proof of the TPT theorem

Here, we give the proof for a simple path T = AM, which, in the plane,
hasthe same tangent direction at the beginning and the end, such that
the integral /; of the curvature (1) vanishes modulo 21t. When the
curve is mapped onto the sphere, the beginning and end points are
mapped to two points A and M and we draw the geodesic arc from M
to A (the shorter of the two). By property mdiscussed in the main text,
there exists aradius rof the sphere, for which the area enclosed by the
curve and the arc is exactly Tir?. By the Gauss-Bonnet theorem, the
(interior) angles at A and M add up to 21 - (enclosed surface)/r?=T.
Because the tangentsat Aand Min the plane are the same, the exit angle
at Mis equal to the entry angle at A, as illustrated in Fig. 3e. It follows
that onrolling over the second period, the graph on the sphere MQ is
the same as the first, but now turned by 180°. Therefore, the area
enclosed by the second part is again 172 and the sum is 2172, which is
half the area of the sphere. This means that the R,,=1 condition is
satisfied, and therefore the trajectoid will be in exactly the same
orientationaswhenitstarted at A, once it has rolled over two copies of
the original path. The path canbe continued indefinitely. For the more
general cases, the argument is the same, taking into account that the
tangents at Aand M might be unequal, and that the areas might overlap,
inwhich case the orientation of the curvature will come into play. For
an animated illustration of this proof, see Supplementary Video 3.



Paths without property t

Let us consider a path consisting of just two straight segments whose
normals are n; and n,, such that the sphere undergoes just two rota-
tions: around axes n; and n, by angles ao and fo where a and S are
arbitrary positive fixed values and 0 > Ois the scaling factor. The rota-
tion angle of the composition of the two rotations is equal to mtif and
only if*?

cot(aa/2)cot(Bo/2)=n;-n, (5)

Ifa# B, asolution o> 0 of equation (5) always exists, because in this
case theright-hand side of equation (5) is limited to aninterval [-1,1],
but the left-hand side spans (=, «). If a = B, the left-hand side of equ-
ation (5) is positive—spans (0, «°)—for all 6> 0 and equation (5) can
only be satisfied for n; - n, >0 and has no solutionsif n; - n, < 0.

Supplementary Video 4 and Extended Data Fig. 5 explore paths that
are similar to acute-angle isosceles V paths. We found that an
acute-angle symmetric V-like path still does not have property teven
after we introduce a kink into the arms of V-path at points K; and K, as
shown in Extended Data Fig. 5d: note that S(o) plot in Extended Data
Fig. 5e never reaches 1 or —m. Sweep of the kink angle a is shown in
Supplementary Video 4. At the same time, introducing a slightest taper
atthe corner of the V-path, as shown in Extended Data Fig. 5g, produces
apaththathas property m: solution of S(o) = mis marked by the red dot
inExtended Data Fig. 5h. Furthermore, deviation from the perfect sym-
metry of the V-like path’s arms (Extended Data Fig. 5k) also produces
a path that has property mt: the function S(o) reaches —m (red dot in
Extended DataFig.51). Asymmetryin the lastexampleis controlled by
a parameter = responsible for the difference between kink angles a
and Bintwo arms: §=a(1+ =) as shown in Extended Data Fig. 5k. The
sweep of asymmetry = is shown in Supplementary Video 4.

Last, we discuss aversion of how one could definerare paths. We have
shown that certain piecewise linear functions, with some extra sym-
metry, define paths for which neither one nor TPTs exist. Clearly, the
space of such functions has finite dimension, whereas the functions of
differentiability class C' considered above form aninfinite dimensional
space. However, there might be other curves for which no TPT exists,
and weleave this asan open question. Apart from examples such as those
inExtended DataFig. 5a,d, numerical experimentation yielded no other
curves without TPTs, and so we conjecture that there may be none.

Generalization of the TPT theorem to MPT
For any n>2, we prove the following theorem:

MPT theorem

The n-period trajectoids can be constructed for paths T..whose period
T has the following property 2m/n: as a sphere of finite radius r >0
rollsalong the period T = AM, the contact point traces on the sphere’s
surfaceacurve T (which is generally not closed; green in Extended
DataFig.1c,d). T can then be closed by an isosceles V-shaped wedge
made of two great arcs MAA (red in Extended Data Fig.1c,d), withan
angle2m/natA (orange angle in Extended Data Fig. 1c). Together, T
and thewedge MAA connectingits ends enclose some oriented spher-

icalarea S(r) (shaded greenin Extended DataFig.1c,d). The condition
requires that there exists an r for which S(r)/r? = +2m/n.

The proof again uses the Gauss-Bonnet theorem: the area having
property 2m/nis S(r)/r?=2n/n=2mn- 99 dt k(t). However, the curvature’s
integral vanishes anngT(by periodicity, equation (1)), and along the
twobigarcs of MAA (as these are geodesic), so the only remaining con-
tribution comes from the corners with their angles, aat A, 1=2m/n at
Aand patM:2n/n=2mn-[(n-a) + (m-A) + (- )] =2n/n+ (a+u-m).lt
follows that, for any n 22, the two side corners of the wedge add up
t0180°, a + u = This allows us to draw n copies of T,i=1,...,n(blue
and yellow in Extended Data Fig. 1c, also magenta and sky-blue in

Extended DataFig.1d), eachrotated by anangle 2mi/naround OA with
respect to the original T, such that all n paths connect smoothly to
formaclosed n-period path, T, [, enclosinganarea S(r) = 2nr?, thus obey-
ing condition R, =1, which proves the MPT theorem. The correspond-
ing trajectoid will show n-fold rotational symmetry and can therefore
beassembled fromnidentical parts. The case n =2 corresponds to the
TPT theoremand property i, where the wedge becomes a single great
arc.For n=1, the arc vanishes and T must be closed with property 2m,
whichis simply the Gauss-Bonnet form of condition Ry, =1.

In the context of ref. 19, the property 21/n says that the holonomy
(change in the orientation and position of the trajectoid with respect
tothe plane)is apure translation after having covered exactly n copies
of the original path.

Because of thelimits lim,... S(r)/r*=0and lim,,,.. 2t/n = 0, one may
be tempted to prove that for any given T, there exists a large enough
n such that an n-period trajectoid exists for T. The obstacle to
such attempts is the drscontrnurty of S(r) for n>2. Note that the
above mentioned MAA can be constructed only when the arclength
MA is not larger than 21ir/n. This can be seen from the spherlcal
rule of cosines applred to the spherical triangle MAA, cos— = cosz"," +
stA—Acos > cos— and therefore we findMA < 2nr/n, where equality
apphes only when MA=AA=mr/2.Asa consequence, S(r) isnota
continuous function of it is undefined whenMA > 21r/n. In practice,
this means that increasing n typically reduces the domain of S (r).Itis
also noteworthy that S(r) is multivalued: whenever MAA can be con-
structed, it can be constructed in two different ways that are mirror
reflections of each otherin the plane AMO. This ambiguity allows S (r)
to have two values for each rinits domain.

Following the example of the TPT, we find that counterexamples to
property 21/n are also single isosceles V paths, with cornersy sharper
thanti/n (generalizing the TPT case, y < i/2where n=2). To show that
these are counterexamples, note that for Vto have property 21/n, roll-
ingalongone Vmustgive amatrix of rotation by an angle 2r/naround
some axis. Then, using the formula for the composition of two rotations
with a = S to obtain the rotation angle 2/nrequires:

cos(1/n) = cos®(ao/2) - sin* (a0 /2)(n; - n,)
= cos®(ao/2) +sin®(ao/2)cosy
> cos?(ao/2)cosy + sin?(ao/2)cosy = cosy

However, for any y<m/n, we find a contradicting inequality,
cos(t/n) <cosy . It follows that such a V-shaped path with y<n/n
violates property 21/n.

Bridging and scaling paths to support one-period trajectoids
Paths T typically do not satisfy condition R,y =1for one-period (n =1)
trajectoids and, consequently, the corresponding one-period trajec-
toids are rare. Still, one can find a path similar to the given one that
allows for a one-period trajectoid. We developed two methods to
achieve this: either by appending a specially constructed ‘bridge’ to
thegivenpath, orby deformingthe given pathitself.Inboth approaches,
the quantity to minimize is the angle 6 of mismatch between the initial
and final orientations of the sphere on completing one path period T.
This angle is computed from Euler’s axis-angle representation of the
overall rotation matrix

trRAQ—IJ' )

6= arccos( 2

where tris the trace operator.

Deformingtheinput path was performed as follows. Keepinga con-
stant r =1, we applied non-uniform scaling to T with two scaling coef-
ficients, k, along the downward direction and k, perpendicular toiit.
For an example path from Fig. 4d (same as path in Fig. 1a and Fig. 2a),
the map of angle 6(k,, k) is shown in Extended Data Fig. 2a. Our goal
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isthento find scaling factors (k,, k,) that give O closesttozero, aslong
as k, is not too small, because there is always a degenerate solution
with k, =0, which turns the curve into a straight line whose trajectoid
is a cylinder, but this solution is of no interest. For the example in
Extended Data Fig. 2, we required k, > 0.5. In Extended Data Fig. 2a,
thereare twolocations with small 6. For the one in Extended DataFig. 2b,
the corresponding curve T traced on the surface of a rolling sphere
does not self-intersect; by contrast, for the minimum in Extended Data
Fig.2c, T has many self-intersections.

Ifone needs aone-period trajectoid, deforming T by just two scaling
factors in orthogonal directions is not always enough to fulfil R, = 1.
In practice, for some paths, no combination of k, and k, can yield
6(k,, k,) <2°(amismatch angle acceptable inlight of the imperfections
of our fabrication process). In these cases (Fig. 4d,e,n,0), we slightly
adjusted the nodes of the Bezier spline through which the initial Twas
defined (shownin Extended DataFig. 2e) and recalculated the 6(k,, ky)
map again (Extended Data Fig. 2d,f). Generally, global optimization
algorithms must be used for such deformation of the input path,
but, for instance, a path in Extended Data Fig. 2e needed just three to
four iterations of adjustment to end up with a minimum value
O(ky, ky) <2°.

Instead of deforming the input path, a special bridge may be
appended toit such that a one-period trajectoid exists for the overall
curve (input path plus the bridge). To improve the practical perfor-
mance, we avoid using sharp cornersin the bridge: curvature of bridge
elements must not exceed certain k,,,. The bridge thus consists of two
straight arms (Extended Data Fig. 3, orange) connected to each other
and to the ends of input path by arcs of curvature k,,,, (Extended Data
Fig.3,red). Each bridgeis made to close the spherical trace of the over-
allcurve (input path plus the bridge, Extended Data Fig. 3b). To ensure
thattrajectoid does not need torely oninertia, straight sections of the
bridge must always be directed ‘downhill’ with respect to the projection
of gravity onto the plane (in Extended Data Fig. 3ataken to be fromthe
left to theright). For amore robust practical performance, the elements
of bridge must not self-intersect. Under all these constraints, for agiven
scaleooftheinput path (forexample, bluein Extended Data Fig.3a,b),
we construct a family of bridges shown in red and orange Extended
Data Fig. 2b and parameterize by declination of arms (orange) away
from the arc connecting the ends of the spherical trace of the scaled
input path. In this family, we then find a bridge such that the overall
sphericaltrace (ofinput path and the bridge together) splits the sphere
into two spherical regions of equal area (2nr?) and by the Gauss-
Bonnet theorem satisfies the Ry, =1 condition. An example of such
asolutionis shown in Fig. 2c and validated experimentally in Fig. 4g.
The entire algorithm begins with a value of o giving the smallest pos-
sible distance between the ends of the input path’s spherical trace
(Extended Data Fig. 3b, blue). If we are unable to find a proper bridge
among the family of bridges foragiveno, we decrease o and try again.

Application of the TPT theorem in quantum and classical systems

Here, we illustrate how the TPT theorem can be translated from trajec-

toids to four other physical systems governed by the rotation group

SO(3): (1) magnetic dipoles in planar magnetic field, (2) NMR, (3) elec-

tric dipole transitions in a two-state quantum system under driving

electric field, (4) the polarization state of light in classical optics. The

Bloch sphere representation describes cases (2) and (3), and the closely

related Poincaré sphererepresentation describes case (4). By almost any

sequences, we henceforth mean those with property .

(1) In a time-varying planar magnetic field B(t) = B(t)(Xcosy(t) +
ysing(t)), amagnetic dipole moment rotates with instantaneous
angular velocity n(¢) = —yB(t), where y is the gyromagnetic ratio.
The dynamics of adipoleinafield of constant magnitude (B(t) = B)
has been described® by rolling a sphere of radius r=1/(yB) along
aflatcurve that hasn(¢)asits normal vector. Ascale factor rcanbe
applied in two ways: either to the field magnitude (B(t) > B(t)/r),

or by rescaling time (B(t) > B(r)). By the TPT theorem, almost
any given B(t) can be scaled so that applying the scaled magnetic
field twice, sequentially, brings any magnetic dipole back to the
orientation it had before the experiment, whatever that
orientation was.

(2) In the NMR context, a strong static magnetic field B, along the z
axis causes precession of the dipole moment around that axis
with Larmor frequency w,=yB,, and a pulse of magnetic field
B, (¢t) = By(t) (Xcos(wyt — () + ysin(wyt — (¢))) rotating in the xy
plane is applied. For example, a linear increase of the phase
shift ¢(¢t) = tA will occur when the pulse is detuned slightly off-
resonance®?: that s, it oscillates with frequency (w, — A) instead
of w,. If the phase shift(t) and magnitude B;(t) change slowly with
time¢, itiscommonto use the reference frame that rotates togeth-
er with Larmor precession and formulate optical Bloch equations
ina rotating wave approximation*?, where state vector p(t) is the
normalized magnetic dipole moment in the rotating frame, and
its instantaneous angular velocity n(¢) =-yB,(t)[Xcosy(¢) +ysing(t)]
belongs tothexyplane.For the application of the TPT theorem, see
the discussion after (3).

(3) The same Bloch sphere representation of state evolution applies
alsototheelectric dipole transitionsin atwo-state quantum system
under driving field E(¢)cos(wyt - ¢(¢)) near the resonant frequency
wo= W/h,where Wis the energy difference between the two eigen-
states. In this case, the state vector p(t) with unit length and com-
ponents (u(¢), v(¢), w(t)) (Extended Data Fig. 9a) is not in real space
coordinates anymore: coordinates uand vare called ‘coherences™
and wis the population inversion®2¢, which is equal to +1and -1for
the system’s eigenstates (poles of the Bloch sphere in Extended
DataFig.9a).Under applied driving field, the state vector p(t), whose
end is shown by ared circle in Extended Data Fig. 9a, has instan-
taneous angular velocity vector n(t) = —kE(t)(Xcosy(t) +ysing(t))
(blue arrow in Extended Data Fig. 9a), where k=p_ /h and p is
the transition dipole moment?. Rotation of p(t) is shown by an
orange arrow in Extended Data Fig. 9a.

Asinthe case (1), in cases (2) and (3) a scale factor r can be applied
either to the pulse magnitude (B,(¢t) > By(t)/r, E(t) > E(t)/r, green
curvesin Extended DataFig. 9b,c and right side of Supplementary
Video 5), or by stretching pulse functions in time (B,(¢t) > B,(rt),
E(t) > E(r), g(t) > (rt), blue curvesin Extended Data Fig. 9b,c and
left-hand side in Supplementary Video 5). By the TPT theorem, al-
most any given pulse can be scaled such that applying the scaled
pulse twice brings the system back to the original state. Note that
only the pulse envelope (B;(t)or E(t), dotted curvein Extended Data
Fig. 9b) and phase shift curve ¢(t) (Extended Data Fig. 9c) must be
copied and shifted intime by adelay L, but the carrier wave (at fre-
quency w,) must be shared between the scaled copy and the scaled
original: for example, if scaling is applied to the electric field mag-
nitude, thenthe scaled shifted copyis (1/r)E(t - L)cos(wyt — Y(t - L))
and the scaled original is (1/r)E(t)cos(wt — Y(t)).

(4) Inclassical optics, the polarization state of light can be represented
by aStokes vector on the Poincaré sphere (Extended Data Fig. 9d),
with purely circular polarizations at the sphere’s poles, on the S;
axis, and various linear polarizations in equatorial §;, S, plane.
Consider a single thin uniaxial waveplate whose optic axis lies in
the plane of the waveplate and forms angle (/2 with the vertical
axis of the global reference frame as shown for one of the waveplates
in Extended Data Fig. 9e. When light of wavelength A passes nor-
mally through such a waveplate of thickness ¢, the Stokes vector
onthe Poincaré sphere rotates by an angle 2m(n, - n,)6t/A around
theaxis n (bluearrowin Extended DataFig. 9d) thatliesin the equa-
torial §;, S, plane (shaded blue in Extended Data Fig. 9d) atan angle
ytothe S,axis®***. Here, n, - n,is the difference of refractive indices
between extraordinary and ordinary waves. Extended Data Fig. 9e
shows a sequence of waveplates of various thicknesses and



orientations of optic axes (indicated by arrows). By the TPT theorem
in this case, after scaling all thicknesses by an adequate factor1/r
as illustrated in Extended Data Fig. 9f, and then doubling the
sequence of waveplates as in Extended Data Fig. 9g, the resulting
systemwill have no net effect on the polarization state of light pass-
ing throughit. Thisanalogy isillustrated in Supplementary Video 6.

Small-radius limit of trajectoids

Consider aminute sphererolling along a differentiable planar curve T
with ageodesic curvature k(). At the scale of the tiny sphere, r > O or
0~ =, the geodesic curvature vanishes, rk(t) > 0, such that T is effec-
tively straight and the mapped curve on the sphere Tisa geodesic,
that is, a great circle (Extended Data Fig. 10a-c and Supplementary
Video 8,0:00-0:13). Therefore, the total 3D curvature of the spherical
curveis k;=/1/r>+ k(t)? ~1/r. The path T will remain in the vicinity
of the great circle and changes in the direction k= dg/d¢ will only tilt
it very slightly (Extended Data Fig. 10c). The resulting trajectoid is
therefore a simple cylinder. Only the introduction of infinitely sharp
corners, where k7 = k - e, can make the curve markedly depart from
the great circle. In a polygonal curve (Extended Data Fig. 10d), each
smooth segment will be mapped to a great circle, and corners will
induce transition among the circles (Extended Data Fig. 10e-g and
Supplementary Video 8, 0:13-0:26).

Data availability
Alldatainsupportofthe findings of this study, including 3D shapefiles

of demonstrated trajectoids, are available from a public repository:
https://doi.org/10.5281/zenodo.8116412.

Code availability
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todesigntrajectoids forapath oftheir choice: https://colab.research.
google.com/drive/1XZ7Lf6pZuénzEuqt_dUCHormeSbCCMIP. All
Pythoncode used to obtain results that are reported in the paper is avail-
ablefroma publicrepository: https://doi.org/10.5281/zenod0.8116412.
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Extended DataFig.1|Additionalillustrations. a, Potential energy curve
correspondingto one half ofa period of asideways rolling of a capped-cylinder
trajectoid (orange, yellow) from Fig.1d. The potential energy curve (green)
starts ataminimum energy mgr, follows a cycloid until reaching maximum
energy mgR and remains constant afterwards until the edge F contacts the
plane.Inotherwords, spherical side caps of radius R define the maximum of
the potential surface. Increasing Rincreases the mg(R - r)difference and
deepensthe “trench” in the gravitational potential surface, making the
adherence to the target path T, more reliable. b, Relative positions of objects
defined in the numericalimplementation of the algorithm. See Methods for
details. Sphere G (the initial “shell” mesh, radius R) is concentric with r-radius
coreW andintersects with the cube C, whose top faceistangenttoW andliesin
theplane Qofrolling. ¢,d, Illustration of the MPT Theorem (see Methods for
details) with the same path asin Fig.3d for n=3(c) and n=5(d).
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Extended DataFig. 2| Deforming the input path non-uniformly to make it
have aone-period trajectoid. a, Angle 6 between starting and final orientations
ofasphererolled alongatarget path (same asin Fig.2aand Fig. 4d) that was
deformed non-uniformly in two directions by scaling factors k,and ,, (see
Methods for details). Examples of deformed path on the left correspond to

ky= 1,2,3andfixed k,=1; examples below correspond to k, = 0.5, 2,and ky: 1.
Fulfilling the R,q=1conditionrequires that @ be zero (blueregions).b,c, Curves
traced over the sphere by sphere-plane contact point when using paths
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correspondingto thelocal minima marked asb and cinthe 8(k,, k,)mapin
panel (a). d-f, Deformations additional to non-uniform scaling affect the
minimalmismatch onthe 6(k, k,) map:apath (blue, same asinFig.2aand
Fig.4d)is partially modified by adjusting its Bezier curve nodes; the modified
sectionisshowninorangeine.Maps (d,f) of mismatch angle 0 for both the
original path (d) and its modified version (f) are plotted for the vicinity of the
useful minimum of the original path (see fullmap in panel a). Note theincrease
of mismatchinfcomparedtod.
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Extended DataFig. 3| “Bridging” the input pathto make it have a period-
one trajectoid. Example of input path (blue) with “bridges” (red and orange)
appendedtoit. Bridge consists of three arcs (red) and two straight “arms”
(orange).b, Family of bridges constructed for the pathinaatafixed scale.
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Extended DataFig. 5| Search for paths not having Property . Representation
analogousto Extended DataFig. 4, but for differentinput paths. a, Acute-angle
isosceles V-path does not have Property . for this path, |S(o)| <m forallo.The
traceccorrespondstoaone-period trajectoid asshownby thegreendotinb.
d, V-like pathwhose arms have “kinks” parameterized by angle a. It does not
have Property t,and atwo-period trajectoid does not exist for this path. The
tracefcorrespondstoagreendotineshowinganear miss (i.e., notatrajectoid).
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g, V-like path similar to the onein panel a, but here the acute corners are tapered
(“dulled”) by straight segments A, T;, T, T5, T,M,. Trajectoid for this path exists
(redpointsinh).k, Asymmetric V-like path withkinks - asin panel d, but here
kinksintwoarmsare unequal: angle of theleft kinkis a, but angle of right kink is
B=a(1+Z). Trajectoid for this path exists (red pointsinl).In panels k,I,m, we
used asymmetry==0.37.See Supplementary Video 4 for dependence of these
plotsonangleaind,taperratioing,and asymmetry=Zink.



Extended DataFig. 6 | Trajectoid tumbling atsharp turns.InFig.4d, g, h, the
trajectories feature some sharp turns (marked therein by green circles) at which
trajectoids tumbled/recoiled. These features of dynamics can be understood
bylookingat the trench made by the trajectoid in the gravitational potential
surface. Therepresentation hereresembles Fig.1b except that the trench
makesasharp turn. In thisdynamic analogy, resulting motion can be illustrated
by asmall particle (colored here in blue) rolling down such a trench: prior to
encounteringasharp turn, the particle may have azig-zag trajectory bouncing
between the trench walls (cf. Fig.4d, hyellow arrows), and then might recoil
backat the sharp turninstead of making the turnimmediately. It may take a few
bouncesbefore the particle finally turns the corner. For the actual trajectoids
we fabricated, thesebounces and zig-zagging correspond to precessions that
may resultinnet rotation of the object around the axis normal to the sloped
plane.Inthecaseof the second cornerinFig.4d (bottom orangecircle), the
unintended net rotation due torecoils causes a turn of the entire subsequent
trajectory withrespecttotheintended path T. We believe that these dynamic
defects may be minimized by engineering the trench profile (presently we keep
itcycloid-like, whichmight be overly sharp) or making smoother turns of path T.
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a Optimal losses

Extended DataFig.7|Energetic considerations for intermittent uphill
rolling. Energy landscapesillustrating design considerations for traversal of
uphill excursions (asin the path in the main-text Fig. 4n, 0). The gravitational
accelerationvector g (vertical arrow) points down. The trajectoid’s total
energy (bluesurface) decreases with descent due tolossessuch as friction.
The potential energy surface (green) is defined by trajectoid’s shape and the
angle of the slope. Parts of the potential surface that are below the total energy
surfaceare accessible to therolling trajectoid. Proper balance between losses,
shape, and slope areshownin a: the total energy suffices to overcome the
potential barrier alongthe target path (uphill excursion, shortarrows), yetis

C Losses too low

insufficient to escape walls of the potential trench that follow the target
path.b, Whenlosses aretoo high, the netenergy isinsufficient for an uphill
excursion. Whenlosses are toolow, asinc, net energy decreases more slowly
thanthe potential energy and becomes sufficient to escape the potential
trench asindicated by the dashed arrow. Note that strictly speaking, the net
energyisnotafunctionofonly the2Dlocationonthe plane and, furthermore,
the potential energy depends on the trajectoid’s 3D orientation, whichis notan
unambiguous function of the 2D planar location even for slipless rolling. Still,
the concept of potential landscape is useful as a first approximation.
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Extended DataFig. 8| Centroid of a visible shape as an estimator of the
center of mass. a-c, Comparisons between the target path of a trajectoid
(solid black curves) and the theoretical trace of the centroid of trajectoid’s
shape projection, simulated assuming perfect performance (orange curves).
Thedifferencebetween curvesinaisbarely visible. Note that the discrepancy
betweenorange andblack curvesina,b,cis smaller than or comparable to the
discrepancies between the experimental trajectories and the respective
target paths (Fig.4o,n,1).d,f, For every possible orientation of the trajectoid
(parameterized by latitude and longitude of contact point on the trajectoid),
color onthese maps shows planar distance between the projection of the
center of mass and the centroid of the shape projection. Mapsind and fare
computed for the trajectoids constructed for pathsband ¢, respectively. Note
that the distance in these maps never exceeds of the trajectoid’s minimal radius
r=1.e,g, Illustration of 6D pose (full orientation and position) tracking from
video frames (see Supplementary Video 7): eis the raw video frame of the

trajectoid (same as in Fig. 4k) whose surface has black dots (markers)

painted onit; g shows the same raw frame overlaid with the trajectoid’s green
3D mesh (the one used for 3D-printing the trajectoid) matching the location
and orientation evaluated by 6D pose tracking algorithm applied to apparent
trajectories of black markersonthe video (reconstructed 3D locations of
markers are showninorange). h, Comparison of theoretical (intended) path of
the 2D projection of the center of mass (black curve) and the experimental path
evaluated by two methods: by the centroid of the visible shape (blue curve) or
by the 6D pose tracking algorithm (orange curve). Both methods were applied
tothesamevideo.i, DifferenceintheY coordinate between the experimental
and theintended path for the two methods of evaluating the center-of-mass
location: here, the black curve inh has been subtracted from the blueand
orangecurvesinh,respectively. The standard deviations for the two methods
are: 0.845 mmwhen using centroid of visible shape, 0.765 mm when using the
6D pose tracking.
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Extended DataFig. 9 | Opticaland quantum-mechanical analogies to

the existence of two-period trajectoids. a, lllustration of the Bloch sphere
representation of asingle qubit. The state represented by ared circleonthe
sphererotates (orangearrow) around an instantaneous axis n(¢), whichis
defined by thedriving field.b,c, Field pulse equivalent to asingle period T

(b, solid curves), its envelope (b dashed curves) and phase shift (c) as functions
oftime.Shown are two possible analogies to varying the radius r of the rolling
sphereincase ofagiven field pulse (black): either scaling the applied pulse’s
magnitude (green) or stretching the pulse’s functions (envelope and phase
shift) intime (blue). d, lllustration of the Poincaré sphere representation of

certain orientations
and thicknesses

Light beam

Scaled

thicknesses Doubled sequence

with scaled thicknesses

polarization state of light. Squares show polarization states corresponding to
respective black points: two circular polarizations at the poles and four linear
polarizations at the equatorial plane. e-g, Given almost any (i.e. those having
Property 1) sequence of waveplates (dark blueine), their thicknesses can be
scaled (f) by suchafactor1/rthatthe doubled sequence (g) hasno neteffecton
polarization state of light (yellow helices) passing throughit. In this example,
curved green arrow shows left-handed circular polarization, curved orange
arrows show right-handed elliptic (f) and right-handed circular (g) polarization.
Seealso Supplementary VideosS, 6.
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Extended DataFig.10 | Small-radius (“adiabatic”) limit of trajectoids. details. d,e-g, Effect of ball radius r (or path’sscaleoc=L/(2mr)) on the trace of
a-c, Effectof ball radius r (or path’sscales=L/(2nr)) onthe trace of thecontact  the contact pointuponrollingalongapolygonal path (pathshownind). Value
pointuponrollingalongafinite smooth path (two periods of path fromFig.4k).  of r decreases frometofto g.See Supplementary Video 8 for more details.
Value of rdecreasesfromatobtoc.See Supplementary Video 8 for more
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