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COMPARISON OF TWO FACTORIAL ANALYSES

KARL J. HOLZINGER AND HARRY H. HARMAN
University of Chicago

A Bi-factor analysis is made of Professor Thurstone’s battery
of fifty-seven tests employing his tetrachoric correlations. Although
this analysis is made entirely independent of his multiple factor
analysis, a very close agreement is found between the group factors
obtained here and Thurstone’s verbal descriptions previously pub-
lished.

1. Introduction

Professor Thurstone has recently described! some of his prelimi-
nary analyses of a battery of fifty-seven tests given to 240 students.
Before this description appeared, he was kind enough to furnish us
with his fetrachoric correlations for independent analysis by the Bi-
factor method. The striking agreement between our pattern and the
verbal description of the factor allocations by Professor Thurstone
makes a more complete numerical comparison interesting and signifi-
cant. We therefore propose to present our analysis to be compared
later with one or more of his factorizations.

The correlations employed are of the tetrachoric form. Strictly
speaking, the factorial algebra does not apply to such coefficients,
since it has been worked out in terms of product-moment correlations.
The tetrachoric values, however, may be regarded as rough approxi-
mations to the product-moment values, and we shall proceed with the
analysis as if they were such coefficients. The sampling error for the
tetrachoric values is of course larger than for the Pearson coeffici-
ents, and this will be allowed for in testing the final residuals.

In Table I we have presented the complete set of intercorrela-
tions. These have been given to two decimals which is adequate for
the size of the sample and sampling error of the coefficients. All sub-
sequent work will be carried to two places, the decimal point being
omitted throughout to save space in the tables when there is no am-
biguity.

1L. L. Thurstone, “The Factorial Isolation of Primary Abilities,” Psycho-
metrika, 1936, 1, No. 3, pp. 175-182. The present analysis was made immediately
after the appearance of this article. The publication of our article was properly
postponed until the appearance of Professor Thurstone’s numerical solution.
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2. Properties of the B-Coefficient

Before proceeding further with the analysis we may define and
note some characteristics of the B-coefficient.! Briefly, this coeffici-
ent is the average of the intercorrelations of a certain group of tests
divided by their average correlation with all remaining tests. It gives
a measure of the extent to which this group of tests belong together
in ascertaining an underlying factor.

We shall define the B-coefficient more rigorously now, and in so
doing shall use the following notation:

k = number of tests in the argument of B;

n = total number of tests;

Roman subscripts run over the range 1, 2, ---, k;

Greek subscripts run over the range 1, 2, --- , n;

x; =7 test in the argument of B (not test number j7) ;

2. = a* test in the total ordered group of tests (not test number

a);

a= 2‘ Te,z,==SUM of intercorrelations of tests in B;

iz

¢ =3 Top, — 2 X 7:,,, = sum of remaining correlations of tests in

iza izj
argument of B with all other tests.
The B-coefficient is then defined as

2 2(n—k) 2 1o s,
B _ CF i#j
(xlrxi’,”')xi)“"xk):'—_c—_:: (l 1)[2x;xa——22x3xj] .
— iza i%j
k(n—k)

Since the B-coefficient is the ratio of two averages its properties
may be studied by means of them. The average of the intercorrela-
tions tends to decrease as the number of tests in B increases since the
tests are added on the basis of highest correlation with tests already
in the argument of B. Similarly, the average of the remaining corre-
lations tends to decrease with an increase in k. The decrease in the
average of intercorrelations, however, is relatively greater than that
of the remaining correlations, and hence the B-coefficient decreases
in general.

An exception to this may occur with the addition of a test to the
argument of B which has relatively high intercorrelations with the

1First introduced in Preliminary Repoit on Spearmaen-Holzinger Unilary
Trait Study, No. 7. Prepared at the Statistical Laboratory, Department of Edu-
cation, University of Chicago, 1936.
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TABLE 1I
ALLOCATION OF TESTS INTO GROUPS

B (@, 250000, 5000, %) 100B | Notes
B (4,5) 232
B(4,5,60) 206
B (4,5,60,58) 219
B (4,5,60,58,11) 211
B (4,5,60,58,11,10) 201
B (4,5,60,58,11,10,16) 197
B (4,5,60,58,11,10,16,52) 194
B(4,5,60,58,11,10,16,52,57) 188
B(4,5,60,58,11,10,16,52,57,7) 184
B (4,5,60,58,11,10,16,52,57,7,6) 179
B (4,5,60,58,11,10,16,52,57,7,6,26) 172 1)
B (4,5,60,58,11,10,16,52,57,7,6,45) 171 (2)
B (4,5,60,58,11,10,16,52,57,7,6,56) 180
B (4,5,60,58,11,10,16,52,57,7,6,56,55) 178
B (4,5,60,58,11,10,16,52,57,7,6,56,55,59) 168 (1)
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14) 175
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,54) 170 (2)
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,45) 169 2)
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12) 171
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13) 168
B(4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13,15) 165
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13,15,9) 166
B(4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13,15,9,26) 161 (1)
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13,15,9,54) 163
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13,15,9,54,45) 159
B (4,5,60,58,11,10,16,52,57,7,6,56,55,14,12,13,15,9,54,45.26) | 155 3)
B (4,5,60,68,11,10,16,52,57,7,6,56,55,14,12,13,15,9,54,45,59) | 154 (3)
B (40,42) 222
B (40,42,37) 167 (4)
B (40,42,41) 152 (4)
B(21,24) 194
B (21,24,19) 189
B(21,24,19,28) 170 2)
B(21,24,19,22) 186
B (21,24,19,22,18) 175 2)
B(21,24,19,22,23) 182
B(21,24,19,22,23,20) 193
B (21,24,19,22,23,20,18) 190
B (21,24,19,22,23,20,18,17) 191
B(21,24,19,22,23,20,18,17,8) 188
B(21,24,19,22,23,20,18,17,8,53) 186
B(21,24,1922,23,20,18,17,8,53,27) 170
B(21,24,19,22,23,20,18,17,8,53,27,28) 186
B(21,24,19,22,23,20,18,17,8,53,27,28,25) 181
B (21,24,19,22,23,20,18,17,8,53,27,28,25,43) 177 (1)
B(21,24,19,22,23,20,18,17,8,53,27,28,25,29) 178 (5)
B(21,24,19,22,23,20,18,17,8,53,27,28,25,29,43) 174 (6)
B (41,43) 164
B (41,43,44) 164
B (41,43,44,30) 155 4
B (41,43,44,39) 150 (7N
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TABLE Il (continued)
ALLOCATION OF TESTS INTO GROUPS

B2, @gpeeey Tyyenn,my) 100B { Notes
B(87,39) 196
B(37,39,30) 159 (2)
B (317,39,35) 189
B (317,39,35,30) 167 (2)
B(37,39,35,38) 179
B(37,39,35,38,34) 181
B(37,39,35,38,34,30) 170 (2}
B(817,39,35,38,34,33) 183
B(31,39,35,38,34,33,32) 180
B(87,39,35,38,34,33,32,31) 186
B (31,39,35,38,34,33,32,31,30) 186
B(317,39,35,38,34,33,32,31,30,36) 165 (8)
B(47,49) 173
B (47,49,46) 169
B (47,49,46,48) 159 (2)
B(47,49,46,50) 165
B (47,49,46,50,61) 127 (1)
B(47,49,46,60,48) 161
B(47,49,46,50,48,51) 140 (9)

NOTES ON TABLE 11

(1) Rejected because of large drop in B,

(2) Test omitted temporarily; it reappears in group later.

(8) Tests 26 and 59 cause a sufficient drop in B for their rejection from this
group. Furthermore these tests are not of the same general character as
those in the “verbal” group, namely, tests 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 15,
16, 45, b2, 54, 65, 56, 57, 68, and 60.

(4) “Logical reasoning” group composed of doublet, 40 and 42. Tests 37 and
41 rejected because of great difference in B.

(5) Test 29 retained because of its spatial character which is in harmony with
the remaining tests in the group.

(6) Test 43 rejected because of drop in B and its composition. The “spatial”
group consists of tests 8, 17, 18, 19, 20, 21, 22, 23, 24, 25, 27, 28, 29 and 53.

{7) Tests 30 and 39 omitted because of drop in B and their numerical character.

(8)
(9)

The “analogies” group consists of tests 41, 43, 44.

“Arithmetical” group composed of tests 30, 31, 32, 33, 34, 35, 37, 38 and
39. Test 36 rejected because of wide difference in B.

Although test 51 seems to be of the same general nature ag the other tests
in the group, the sudden drop in B does not warrant its retention within
the group. Hence, the “memory” group consists of tests 46, 47, 48, 49
and 50.

preceding tests, but a low total of all correlations. In this case the
decrease in the average of the intercorrelations is relatively smaller
than that of the remaining correlations, and B increases.® Similar

1A good example of this phenomenon is found in Section 3 where the addi-

tion of test 20 to the “spatial” group increases B. From Table II it will be ob-
served that the B-coefficient rises from 182 to 193 upon the addition of test 20.
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reasoning accounts for the fact that a test can be rejected from a
group temporarily and then appear in the group later.?

As the number of tests in B increases, the decrease in the above
averages becomes less and these averages tend toward stability. A
consequence of this is that an actual difference between two succes-
sive B values has a greater relative importance as the number of tests

in B increases.

3. The Preliminary Allocation of Tests to Groups

The Bi-factor analysis is begun by computing the B-coefficients.
In this analysis we have used 100B to avoid decimals. The values of
these coefficients with notes are presented in Table 1I.

We begin the computation of B-coefficients by selecting the larg-
est correlation from Table 1. This yields 100B (4, 5) — 232. Next
test 60 is selected because it has a higher correlation with test 4 or 5
than any other in the table. The work is continued in this manner
until test 26 is added. A drop of seven points in the coefficient is con-
sidered sufficient reason for dropping this test, and similarly in the
case of test 45, although the latter reappears in the group near the
end. The group is closed with the rejection of tests 26 and 59 as ex-
plained in the note because of the drop in B and the nature of these
two tests. The first group is tentatively described as ‘“verbal”.

A new group is now formed using tests 40 and 42. When other
tests are added to this group the drop in B is so great that we regard
the “logical reasoning” factor as a “doublet” and proceed to another
group. This is begun with tests 21 and 24 and continued as described
in the notes until test 48 is rejected. The group appears to be “spa-
tial”.

The next group starts with tests 41 and 43, but other tests be-
yond 44 are rejected because of their nature and the drop in B val-
ues. The name “analogies” has been temporarily used here. The re-
maining two groups are identified as shown by the table and notes.
They may be called “arithmetical” and “memory” respectively.

From the preliminary analysis of the B-coefficients and refer-
ence to the nature of the tests themselves, all tests have been allocated
to one of six groups with the exception of tests 26, 36, 51 and 59.

4. The Modified Bi-Factor Pattern
After the preliminary groups of tests have been determined, the
next step in the analysis is the calculation of the weights for the gen-

2The rejection of test 28 as the fourth test in the “spatial” group and its
retention later as the twelfth test is an example to be found in Section 3.
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TABLE III
General Factor Loadings by Preliminary Analysis
Test U, Test u, Test uw,
4 54 23 52 42 64
5 65 24 58 43 87
6 81 25 53 44 s
7 63 26 44 45 77
8 45 27 38 46 36
9 25 28 59 47 50
10 60 29 59 48 43
11 64 30 69 49 46
12 57 31 31 50 37
13 48 32 38 51 33
14 66 33 35 52 53
15 39 34 46 53 32
16 58 35 57 54 34
17 41 36 34 55 64
18 51 37 64 56 44
19 54 38 49 57 61
20 36 39 69 58 36
21 67 40 68 59 26
22 54 41 81 60 70

eral factor u,. This we have done as described in Report 7, and their

values are given in Table III. We then computed the residual correla-
tions,

Toie; == Y0, ~— Tz,u, To,ue

In order to save space the table of these residuals has been omitted
here, and instead, portions of this table will be presented when neces-
sary. An examination of the residual correlations shows the necessity
for modifying the original Bi-factor Pattern.

Most of the groups appear to have been properly selected because
of the small residuals with other tests and larger clusters among them-
selves. The residuals for the ‘“verbal” group, however, indicate that
a re-allocation of tests is necessary. In Table IV we present the resi-
dual intercorrelations among the “verbal’” group.

First, tests 14 and 45 have negligible residuals with the ‘“verbal”
group and are therefore omitted. Next we note that tests 54 and 55
have a high residual intercorrelation, but small irregular correlations
with the remaining tests in the ‘“verbal” group. Hence, we assume
that the “doublet” is measuring some other factor such as “rhythm”.
Finally we observe that tests 9, 10, 11, 12, 13 and 15 have high inter-
correlations. Tests 9, 10 and 11 also have appreciably high intercor-
relations with the remaining tests in the “verbal” group, while tests
12, 13 and 15 have low intercorrelations with this group. We assume,
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therefore, that tests 9, 10, 11, 12, 13 and 15 form another group, say
“completion”’, and that tests 9, 10 and 11 measure the “verbal” factor
also.

The second factor plan as far as the “verbal” group is concerned
may then be written in the form as shown in Table V. The crosses
indicate appreciable factor weightings.

The only other necessary revision in the factor pattern arises in
the introduction of a new group factor which we may call “imagina-
tion”. The residual correlations among tests 6, 14, 26, 51 and 59 have
been reproduced in the small Table V1. These values are all positive
and are relatively high as compared with their correlations with the
remaining tests.

None of these tests except 6 has been allocated at this stage to
another group by the B-coefficients. We observe again the residual
correlations of test 6 with the tests in the “verbal” group and find
that they are negligible and so consider test 6 to measure %, and
“imagination”.

The final factor plan thus includes seven group factors which we
shall designate as follows:

v = “verbal”,
1= “imagination”,
8 == “gpatial”,
= “completion”,
m = “arithmetical”,
¢ = “analogies”,
0 = “memory”,

In addition to these groups we have two ‘“doublets”:

! = “logical reasoning”,
r = “rhythm”.

Under the new hypothesis every test has been assigned to some
group except tests 36 and 45. The assumption on these tests is that
they measure only %, and specifics.

From this new allocation of tests we proceed to recalculate the
weights of the general factor u,. The values are given in the final fac-
tor plan of Table VII. It will be observed that the values from the
first column of this table are in close agreement with those of Table
111,

Residuals with the general factor removed are given in Table

VIIL. The tests have been arranged so that the groups may be iden-
tified more conveniently.
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TABLE 1V
Residual Intercorrelations of Preliminary “Verbal” Group
4 5 6 7 9 10 11 12 13 14 15 16 45 B2 54 G55 56 &7 58 60
48
10 10
15 20 25
83 26 17 21
15 22 03 19 34
28 22 08 22 27 36
04 05 —17 —05 02 17 21
01 03 —08 12 26 23 15 21
01 —01 11 17 11 20 18 —01 —04
—07 03 —08 —08 27 14 10 24 37 —04
15 16 01 11 22 87 33 26 18 08 25
10 01 03 —01 09 —02 —10 —08 06 —20 —11 —O05
22 28 08 12 30 87 1205 06 02 —05 18 —03
17 09 08 —12 12 165 61 08 05 09 21 10 07 16
05 04 09 19 09 11 —01 02 06 09 06 14 05 09 34
16 13 12 17 20 8 16 21 1% 06 20 20 —01 23 15 18
09 13—01 08 13 82 10 11 19 05 29 2604 14 16 22 36
38 52 00 28 41 44 B3 14 14 06 06 26 05 37 26 15 44 14
84 30 10 28 07 19 32 22 14—03 18 27 —11 20 02 14 31 19 57
TABLE V
New Hypothesis on Original “Verbal” Group
Tests u, v ¢ r
4 x X
5 b4 x
6 x X
7 b 4 X
9 x x X
10 X X X
11 x b4 X
12 b 4 X
13 x b 4
14 x
15 x X
16 X x
45 b4
52 x X
54 X b4
55 x x
56 x b 4
57 x b4
58 b 4 x
60 X x
TABLE VI

Residual Intercorrelations Among Tests
in “Imagination” Group

! ] 14 25 51 59
6
14 11
26 35 11
51 02 26 13
59 17 14 11 37
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TABLE VII
FACTOR PATTERN

bb

Factors with Coefficients

Test Speci- Total
s v 4 & ¢ m H a 0 4 fies | Variance
4 .56 A7 .68 1.00
5 66 54 .52 1.00
8 .82 .38 .45 1.00
7 656 28 g1 1.01
8 45 42 a9 1.00
9 27 50 .22 79 1.00
10 .62 .54 .28 .60 1.00
11 64 .51 22 .53 1.00
12 .66 41 J2 1.00
13 .48 .68 .56 1.00
14 .66 .36 .66 99
15 .39 .60 J0 1.00
16 .59 .88 a1 1.00
17 40 56 J8 1.01
18 51 58 .64 1.01
19 .54 AT S0 1.00
20 .36 Ja2 59 1.00
21 .67 .65 .50 1.00
22 .58 54 .65 100
238 52 48 q1 1.00
24 57 50 K11 1.00
25 .52 W81 .80 1.00
28 41 48 .80 99
27 .38 .52 J6 99
28 .58 .38 J3 1.00
29 .58 27 a1 1.00
30 .68 W41 .81 1.00
31 .30 62 J12 £9
32 .39 B4 JI5 1.01
33 .35 .74 57 1.00
34 .46 .64 62 1.01
35 57 42 1 1,01
36 .34 94 1.00
37 .63 27 J3 1.00
38 .48 .43 N6 99
39 .68 42 .60 1.00
40 .68 .58 45 1.00
41 81 18 .56 1.00
42 .64 .68 60 1.00
43 .86 11 .50 1.00
44 a7 27 .68 1.00
46 6 .66 1.00
46 .36 .48 80 1.00
47 .61 BT .64 .99
48 42 .36 .83 .89
49 .47 .33 .82 1.00
50 .36 46 .81 1.00
51 .30 48 .82 .99
52 .54 42 M8 1.00
53 .32 45 .83 .99
54 A0 .58 5 1.00
55 g0 .63 48 1.00
56 48 .48 14 1.00
57 .63 .30 Kid 1.01
58 .39 6 52 1.00
59 .23 49 .84 1.00
60 71 62 .33 1.00
Total
Variance 17.18 3.01 .90 3.41 1.17 2.41 67 .12 1.01 .66 26.66 56.99
Per Cent
Variance 30.16 5.28 1.58 5.98 2.05 4.23 1.18 .21 L7 .98 46.69 100.00
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TABLE VIII (continued)
FINAL RESIDUAL CORRELATIONS
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The weights of the group factors are determined by the use of
Professor Spearman’s 1914 formula,* and the factors then removed
in any order by means of the formula

Yoz, =Yz, ;— Vo7 Toym

where 1 is any one of the factors. Residuals with the group factors
eliminated have been printed above the main diagonal opposite the
corresponding residuals with only «, removed in Table VIII.

In order to test the goodness of fit of the modified pattern to the
whole set of correlations, a frequency distribution of the final resi-
duals has been made as shown in Table IX. The standard deviation
of these is .098 and .67450 — .066. The probable error of a zero tetra-
choric correlation is .072. These two values agree to two decimal

places and hence the factor pattern may be regarded as a satisfactory
fit.

5. Comparison of the Bi-Factor Pattern
with a Multiple Factor Analysis

From Professor Thurstone’s preliminary analysis cited above,
we may make a comparison of the corresponding factor loadings by
the two methods. In Table X the factors have been arranged in the
order of significance as stated by Thurstone; a single cross indicating
what he calls an “appreciable” loading and a double cross designating
a “high” factor loading. We have also included the names and sym-
bols employed in both analyses.

In the case of the “number” or “arithmetical” factor the agree-
ment is perfect and almost so in the case of the “spatial” factor. The
“memory” factor also reveals remarkable agreement. When we come
to the “verbal” factors, the agreement although not perfect is re-
markably close.

We do not find such perfect results on comparing the less promi-
nent factors. Our “imagination” factor is quite comparable to the
“perceptual speed” of Professor Thurstone’s analysis. The “induec-
tion” factor has no counterpart in the Bi-factor analysis while the
“analogies” and “rhythm” factors are not represented in the Multiple
Factor analysis. Finally, the “deduction” factor, although minor in
significance, agrees perfectly in its conspicuous loadings with our
“logical reasoning.”

A formal difference in the two analyses occurs in the case of the

1See Preliminary Report on Spearman-Holzinger Unitary Trait Study, No.
2, equation (6).
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TABLE IX
FREQUENCY DISTRIBUTIONS OF FINAL RESIDUAL CORRELATIONS
Value of Residual Frequency|
325 — .345 1
305 — 325 1
285 — .305 -
265 — .285 3
245 — .265 6
225 — 245 17
206 — 225 10
185 — 205 22
166 — 185 25 Mean = .004
145 — 165 34 =
JA25— 145 54 Standard Deviation— .098
105 — 125 69
(1)(8}2 — 105 84 6745 X 8.D. = .066
065 — . 88
gig _ ggg 99 Probable Error of
025 — 045 123 Zero Correlation — 072
005 — 025 155 —
—.015 — .005 133 Qs = .068
—.035 — —.015 124
—.0565 — —.035 124 Q, = —.060
_8;;7? —_ _832 12; Quartile Deviation — .064
—115 — —.095 63
135 — —115 50
~—,155 — —.135 41
—.175 — —155 29
—.195 — —.175 19
—215 — —.195 11
—.235 — —.215 12
—.255 — —.235 5
—.275 — —.255 3
—.295 — —.275 1
—.315 — —.295 -
—.336 — —.315 -
—.355 — —.335 1
Total 1596

general factor which we obtain and which Professor Thurstone ap-
parently does not. The presence of this factor in our pattern is due
to our hypothesis of its existence and the essentially positive correla-
tions throughout, which afford a basis for the evaluation of u,. It can
be shown that each of the group factors in the multiple factor analy-
sis can be expressed as a linear function of the corresponding group
factor and the general factor of the Bi-factor analysis. We have
shown elsewhere! how to obtain the exact mathematical relationships
between the factors of various multiple factor solutions and those of

1Holzinger, K. J., and Harman, H. H., “Relationship between Factors ob-
tained from Certain Analyses,” The Journal of Educational Psychology, May,
1937, pp. 321-346.
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TABLE X
COMPARISON OF FACTOR LOADINGS
xx — high factor loading

x — appreciable loading

% | Number
3 |Arithmetical
| Visualizing

o |Spatial

& Memory

© iMemory

5 ‘Word Fluency

Completion

o

Verbal Relations

v i Perceptnal Speed

*[Imagination

] "*llnduct‘mn

.«lLogical Reasoning

Q]Deduction

®1 Analogies

BB B

[
-3
i

o<
(]

&3 x .45

xx .48
xx .57
xx .36
x .33
x .46

xx

x

Bl

i

3

L
&

x .85

x .48
.42

.48

xx .30

x .76
.48

x .62

xx .58

xx .58

.18

A1
.27

’ “ thythm

.53
.53

the Bi-factor solution. We plan to show these algebraic relati(}nships
between the factors of the present study as soon as the numerical so-
lution of the multiple factor analysis is available.



