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Preface

This monograph is the outgrowth of an Sc.D. thesis submitted to
the Department of Electrical Engineering, M.I.T., in June, 1958. It
contains most of the results of that document, subsequent extensions,
and sufficient introductory material to afford the interested technical
reader a complete understanding of the subject matter.

The monograph was stimulated by widespread interest in dynamic
programming as a method for the solution of sequential problems.
This material has been used as part of a graduate course in systems
engineering and operations research offered in the Electrical Engineering
Department of M.I.T. As a result, the present text emphasizes above
all else clarity of presentation at the graduate level. It is hoped that
it will find use both as collateral reading in graduate and advanced
undergraduate courses in operations research, and as a reference for
professionals who are interested in the Markov process as a system model.

The thesis from which this work evolved could not have been
written without the advice and encouragement of Professors Philip
M. Morse and George E. Kimball. Professor Morse aroused my interest
in this area; Professor Kimball provided countless helpful suggestions
that guided my thinking on basic problems. Conversations with Pro-
fessors Samuel J. Mason and Bernard Widrow and with Dr. Jerome
D. Herniter were also extremely profitable.

The final text was carefully reviewed by Dr. Robert L. Barringer,
to whom I owe great appreciation. He and his colleagues at the
Operations Research Group of Arthur D. Little, Inc., have continually
offered sympathy and encouragement.
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This work was done in part at the Massachusetts Institute of Tech-
nology Computation Center, Cambridge, Massachusetts, and was
supported in part by the Research Laboratory of Electronics.

RonNALD A. HOWARD
Cambridge, Massachusetts
February, 1960
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Introduction

The systems engineer or operations researcher is often faced with
devising models for operational systems. The systems usually contain
both probabilistic and decision-making features, so that we should
expect the resultant model to be quite complex and analytically intrac-
table. This has indeed been the case for the majority of models that
have been proposed. The exposition of dynamic programming by
Richard Bellman ! gave hope to those engaged in the analysis of complex
systems, but this hope was diminished by the realization that more
problems could be formulated by this technique than could be solved.
Schemes that seemed quite reasonable often ran into computational
difficulties that were not easily circumvented.

The intent of this work is to provide an analytic structure for a
decision-making system that is at the same time both general enough
to be descriptive and yet computationally feasible. It is based on the
Markov process as a system model, and uses an iterative technique
similar to dynamic programming as its optimization method.

We begin with a discussion of discrete-time Markov processes in
Chapter 1 and then add generalizations of the model as we progress.
These generalizations include the addition of economic rewards in
Chapter 2 and the introduction of the decision process in Chapter 3.

The policy-iteration method for the solution of decision processes
with simple probabilistic structures is discussed in Chapter 4 and then
examples are presented in Chapter 5. Chapter 6 introduces the case
of more complicated probabilistic structures, while Chapter 7 presents
the extension of the model to the case where the discounting of future
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2 INTRODUCTION

rewards is important. Chapter 8 generalizes all the preceding chapters
to continuous-time rather than discrete-time Markov processes. Finally,
Chapter g contains a few concluding remarks.

It is unfortunate that the nature of the work prevents discussion of
the linear programming formulation of the policy-optimization scheme,
but this very interesting viewpoint will have to be postponed to another
time. Readers who are familiar with linear programming will in any
event be able to see familiar structures in the linear forms with which
we deal.



Markov Processes

A Markov process is a mathematical model that is useful in the study
of complex systems. The basic concepts of the Markov process are
those of ““state’ of a system and state ‘‘transition.” We say that a
system occupies a state when it is completely described by the values
of variables that define the state. A system makes state transitions
when its describing variables change from the values specified for one
state to those specified for another.

A graphic example of a Markov process is presented by a frog in a
lily pond. As time goes by, the frog jumps from one lily pad to another
according to his whim of the moment. The state of the system is the
number of the pad currently occupied by the frog; the state transition
is of course hisleap. If the number of lily pads is finite, then we have a
finite-state process. All our future remarks will be confined to such a
process.

If we focus our attention on the state transitions of the system and
merely index the transitions in time, then we may profitably think
of the system as a discrete-time process. If the time between transi-
tions is a random variable that is of interest, then we may consider the
system to be a continuous-time process. Further discussion of this
latter case will occur in Chapter 8.

To study the discrete-time process, we must specify the probabilistic
nature of the state transition. It is convenient to assume that the
time between transitions is a constant. Suppose that there are N
states in the system numbered from 1 to N. If the system is a simple
Markov process, then the probability of a transition to state j during

3



4 MARKOV PROCESSES

the next time interval, given that the system now occupies state 7, is a
function only of 7 and 7 and not of any history of the system before its
arrivalin 2. In other words, we may specify a set of conditional proba-
bilities pi; that a system which now occupies state ¢ will occupy state
7 after its next transition. Since the system must be in some state
after its next transition,

N
2 py=1
i=1
where the probability that the system will remain in 7, p#, has been
included. Since the p;; are probabilities,

0<py <1

The Toymaker Example—State Probabilities

A very simple example of a discrete-time Markov process of the type
we have defined can be thought of as the toymaker’s process. The
toymaker is involved in the novelty toy business. He may be in either
of two states. He isin the first state if the toy he is currently producing
has found great favor with the public. He is in the second state if his
toy is out of favor. Let us suppose that when he is in state 1 there is
50 per cent chance of his remaining in state 1 at the end of the following
week and, consequently, a 50 per cent chance of an unfortunate tran-
sition to state 2. 'When he is in state 2, he experiments with new toys,
and he may return to state 1 after a week with probability % or remain
unprofitable in state 2 with probability 2. Thus p11 = §, p12 = %

po1 = %, pa2 = 2. In matrix form we have

P =[py] = [% é]

2 3
B) 5

A corresponding transition diagram of the system showing the states
and transition probabilities in graphical form is

1
2
1 3
2 5
2
5

The transition matrix P is thus a complete description of the Markov
process. The rows of this matrix sum to 1, and it is composed of non-
negative elements that are not greater than 1; such a matrix is called a



THE TOYMAKER EXAMPLE—STATE PROBABILITIES 5

stochastic matrix. We make use of this matrix to answer all questions
about the process. We may wish to know, for example, the probability
that the toymaker will be in state 1 after » weeks if we know he is in
state 1 at the beginning of the n-week period. To answer this and other
questions, we define a state probability mi(n), the probability that the
system will occupy state ¢ after » transitions if its state at » = 0 is
known. It follows that

_Z (1.1)
% (mpy n=0,12,--. (1.2)

If we define a row vector of state probabilities 7t(n) with components
mi(n), then

n(n + 1) = ®(n)P n=2012-... (1.3)
Since by recursion
(1) = =(0)P
n(2) = w(1)P = =(0)P2
n(3) = n(2)P = =(0)P3
in general,
nt(n) = w(0)P~ n=2012--- (1.4)

Thus it is possible to find the probability that the system occupies
each of its states after » moves, ®(n), by postmultiplying the initial-
state probability vector w(0) by the nth power of the transition matrix
P.

Let us illustrate these relations by applying them to the toymaking
process. If the toymaker starts with a successful toy, then w1(0) = 1
and m2(0) = 0, so that ®(0) = [1 0]. Therefore, from Eq. 1.3,

~(t) = =P =11 0 [} }]

5
and

n(l) = [} %]

After one week, the toymaker is equally likely to be successful or un-
successful. After two weeks,

~@) == =1 H[} ]

3
and

n(2) =[z5 2%

so that the toymaker is slightly more likely to be unsuccessful.
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After three weeks, n(3) = n(2)P = [&% 335, and the probability
of occupying each state is little changed from the values after two
weeks. Note that since

89 111
po= [0 me]
250 250

7(3) could have been obtained directly from =(3) = =(0)P3.
An 1nterest1ng tendency appears if we calculate n;(#) as a function of
n as shown in Table 1.1.

Table 1.1. SUCCESSIVE STATE PROBABILITIES OF TOYMAKER STARTING WITH
A SuccessruL Toy

n = 0 1 2 3 4 5
m1(n) 1 0.5 0.45 0.445 0.4445 0.44445
g (n) 0 0.5 0.55 0.555 0.5555 0.55555

It appears as if mi(n) is approaching § and ms(n) is approaching §
as n becomes very large. If the toymaker starts with an unsuccessful
toy, so that m1(0) = 0, w2(0) = 1, then the table for mi(#) becomes
Table 1.2.

Table 1.2. SUCCESSIVE STATE PROBABILITIES OF TOYMAKER STARTING
WITHOUT A SUCCESSFUL Toy

n= 0 1 2 3 4 5
71(n) 0 0.4 0.44 0.444 0.4444 0.44444
Ta(n) 1 0.6 0.56 0.556 0.5556 0.55556

For this case, m1(n) again appears to approach § for large #, while
w2(n) approaches §. The state-occupancy probabilities thus appear to
be independent of the starting state of the system if the number of
state transitionsislarge. Many Markov processes exhibit this property.
We shall designate as a completely ergodic process any Markov process
whose limiting state probability distribution is independent of starting
conditions. We shall investigate in a later discussion those Markov
processes whose state-occupancy probabilities for large numbers of
transitions are dependent upon the starting state of the system.

For completely ergodic Markov processes, we may define a quantity
7; as the probability that the system occupies the 7th state after a large
number of moves. The row vector* w with components =; is thus the
limit as » approaches infinity of x(n); it is called the vector of limiting

* 5t(n) and = are the only row vectors that we shall consider in our work; other
vectors will be column vectors.
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or absolute state probabilities. It follows from Eq. 1.3 that the vector
7 must obey the equation

n = nP (1.5)

and, of course, the sum of the components of = must be 1.

N
> omi=1 (1.6)
i=1

We may use Egs. 1.5 and 1.6 to find the limiting state probabilities
for any process. For the toymaker example, Eq. 1.5 yields

2
m = 3m + Eme
T - 3

whereas Eq. 1.6 becomes m; + w2 = 1.

The three equations for the two unknowns =; and =2 have the unique
solution w1 = %, me = &. These are, of course, the same values for
the limiting state probabilities that we inferred from our tables of ;(n).
In many applications the limiting state probabilities are the only
quantities of interest. It may be sufficient to know, for example, that
our toymaker is fortunate enough to have a successful toy % of the time
and is unfortunate § of the time. The difficulty involved in finding
the limiting state probabilities is precisely that of solving a set of N
linear simultaneous equations. We must remember, however, that
the quantities =; are a sufficient description of the process only if enough
transitions have occurred for the memory of starting position to be
lost. In the following section, we shall gain more insight into the
behavior of the process during the transient period when the state
probabilities are approaching their limiting values.

The z-Transformation

For the study of transient behavior and for theoretical convenience,
it is useful to study the Markov process from the point of view of the
generating function or, as we shall call it, the z-transform. Consider
a time function f(#) that takes on arbitrary values f(0), f(1), f(2), and
so on, at nonnegative, discrete, integrally spaced points of time and
that is zero for negative time. Such a time function is shown in Fig. 1.1.
For time functions that do not increase in magnitude with » faster
than a geometric sequence, it is possible to define a z-transform /(2)
such that

1) = > fer (1)

0
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o f(1)

fO
f@

3

0 1 2 3 n
Fig. 1.1. An arbitrary discrete-time function.

The relationship between f(#) and its transform /(z) is unique; each
time function has only one transform, and the inverse transformation
of the transform will produce once more the original time function.
The z-transformation is useful in Markov processes because the prob-
ability transients in Markov processes are geometric sequences. The
z-transform provides us with a closed-form expression for such sequences.

Let us find the z-transforms of the typical time functions that we

shall soon encounter. Consider first the step function
) 1 n=20123,---
n) =

0 n<0

The z-transform is

[\%E]

£2)=Dfm)zm =1+ 2+ 22+ 28+ .. Or[(z)=1_—z

For the geometric sequence f(n) = a7, n > 0,

1) = SI0m =5 @ or fla) =

n=0

Note that if

pe) = > amem
n=0
then
a {(2) = i nonzn—l
dz n=0
and

ina"zn=z£/(z)==zi 1 ): *
o az az\1 — az (1 — «2)2

Thus we have obtained as a derived result that, if the time function we
are dealing with is f(n) = nan, its z-transform is £(2) = «az/(1 — «2)2
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From these and other easily derived results, we may compile the table
of z-transforms shown as Table 1.3. In particular, note that, if a time
function f(n) with transform /(z) is shifted to the right one unit so as
to become f(» + 1), then the transform of the shifted function is

3 S+ e = 3 fomnt = 40 - £(O)]

The reader should become familiar with the results of Table 1.3
because they will be used extensively in examples and proofs.

Table 1.3. 2-TRANSFORM PAIRS

Time Function for » > 0 z-Transform
f(n) £(2)
f1(n) + fa(n) f1(2) + f2(2)
kf (n) (k is a constant) kf(2)
fn = 1) zf(2)
fln + 1) 2"15/(2) — f(0)]
« 1 — az
1 (unit step) 1
1-2
na” x
(1 — «z)?
n (unit ramp) a j P
o”f (n) {(az)

z-Transform Analysis of Markov Processes

We shall now use the z-transform to analyze Markov processes. It
is possible to take the z-transform of vectors and matrices by taking
the z-transform of each component of the array. If the transform of
Eq. 1.3 is taken in this sense, and if the vector z-transform of the vector
n(n) is given the symbol II(z), then we obtain

2 1II(z) — =(0)] = II(2)P (1.8)
Through rearrangement we have
II(z2) — 2II(z)P = =(0)
II(z)(I — zP) = =(0)
and finally
II(2) = =(0)(I — zP)~1 (1.9)

In this expression I is the identity matrix. The transform of the
state probability vector is thus equal to the initial-state-probability
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vector postmultiplied by the inverse of the matrix I — zP; the inverse
of I — 2P will always exist. Note that the solution to all transient
problems is contained in the matrix (I — zP)~1. To obtain the complete
solution to any transient problem, all we must do is to weight the rows
of (I — zP)~1 by the initial state probabilities, sum, and then take the
inverse transform of each element in the result.

Let us investigate the toymaker’s problem by z-transformation.
For this case

1 1
p=[f 3]
5 5
so that
_ 1 =3z —3z
a-am = 50T
and
1-4% 1z
A 1-201-12 (=201 -6
— 2 -1 —

$z 1 -1z
1-201-12 (1-201- 162

Each element of (I — 2P)~1 is a function of z with a factorable de-
nominator (1 — 2)(1 — {%2). By partial-fraction expansion2 we can
express each element as the sum of two terms: one with denominator
1 — z and one with denominator 1 — 7%z. The (I — 2P)~1 matrix
now becomes

: : P, %
T T T-TT-%:
—_ -1 —
= e T s

l—z+1—11—oz 1-2z2 +l—-,—162

L Lt ;-3

I — zP) =1_zg§ _1_ _4 4

9 9 0 ) 9

Let the matrix H(n) be the inverse transform of (I — zP)~1 on an
element-by-element basis. Then from Table 1.3, we see that

o) = [2 8]+ o[ ]

9 9
and finally by taking the inverse transform of Eq. 1.9
nt(n) = m(0)H(n) (1.10)

> ol

© o
ojp w|o-
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By comparison with Eq. 1.4 we see that H(n) = P», and that we
have found a convenient way to calculate the nth power of the tran-
sition-probability matrix in closed form. The state-probability vector
at time # can thus be found by postmultiplying the initial-state-prob-
ability vector by the response matrix H(#). The 7jth element of the
matrix H(n) represents the probability that the system will occupy
state 5 at time #», given that it occupied state ¢ at time » = 0. If the
toymaker starts in the successful state 1, then =(0) =[1 0] and
n(n) =[§ 5]+ (f%)"[8 —Slorm(n) =5 + §(F)" ma(n) = 3 — 3 (Fo)™

Note that the expressions for mi(#) and 11:2(%) are exact analytic
representations for the state probabilities found in Table 1.1 by matrix
multiplication. Note further that as #» becomes very large m1(#) tends
to % and wa(n) tends to §; they approach the limiting state probabilities
of the process.

If the toymaker starts in state 2, then ®(0) = [0 1], =(n) = [§ 3]
+ (&){—% 4], so that m(n) = § — $(Z)" and ma(n) = § + o)™
We have now obtained analytic forms for the data in Table 1.2. Once
more we see that for large » the state probabilities become the limiting
state probabilities of the process.

It is possible to make some general statements about the form that
H(n) may take. First it will always have among its component matrices
at least one that is a stochastic matrix and that arises from a term of
(I — 2P)~! of the form 1/(1 — z). This statement is equivalent to
saying that the determinant of I — 2P vanishes for z = 1 or that a
stochastic matrix always has at least one characteristic value equal to 1.
If the process is completely ergodic, then there will be exactly one
stochastic matrix in H(n). Furthermore, the rows of this matrix will
be identical and will each be the limiting-state-probability vector of the
process. We call this portion of H(n) the steady-state portion and
give it the symbol S since it is not a function of #.

The remainder of the terms of H(x) represent the transient behavior
of the process. These terms are matrices multiplied by coefficients of
the form a®, na®, n2«m, and so on. Naturally, |x| must not be greater
than 1, for if any « were greater than 1, that component of probability
would grow without bound, a situation that is clearly impossible.
The transient matrices represent the decreasing geometric sequences of
probability components that are typical of Markov processes. The
transient component of H(») may be given the symbol T(#n) since it is
a function of #. Since for completely ergodic processes || < 1 for all
«, the transient component T(x) vanishes as # becomes very large.
The matrices that compose T(#) are also of interest because they sum
to zero across each row. The transient components must sum to zero
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since they may be considered as perturbations applied to the limiting
state probabilities. Matrices that sum to zero across all rows are called
differential matrices. Finally, for a completely ergodic process,

H(n) =S + T(n) (1.11)
where S is a stochastic matrix all of whose rows are equal to the limiting
state-probability vector and where T(n) is the sum of a number of

differential matrices with geometric coefficients that tend to zero as »
becomes very large.

Transient, Multichain, and Periodic Behavior

To gain further insight into the Markov process, let us use the
z-transform approach to analyze processes that exhibit typical behavior
patterns. In the toymaker’s problem, both states had a finite proba-
bility of occupancy after a large number of transitions. It is possible
even in a completely ergodic process for some of the states to have a
limiting state probability of zero. Such states are called transient
states because we are certain that they will not be occupied after a
long time. A two-state problem with a transient state is described by

p_ [t ¥
=[01]

with transition diagram

1
4
3

If the system is in state 1, it has probability 1 of making a transi-
tion to state 2. However, if a transition to 2 occurs, then the system
will remain in 2 for all future time. State 1 is a transient state;
state 2 is a trapping state (a state 7 for which p; = 1).

By applying the z-transform analysis, we find

1 - 3z —3z
(I—zP)=[ : 4]
0 1 -2z
and
1-2 1z
a - 1-201-4%2 (1-20-4%)
— 2P)"1 =
0 1 -3z

1-21-4%) (1-2(01-%)
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1[0 1 1 11 -1
— -1 = __ = -
(T —zP) 1—2[0 1]+1—g-z[0 0]

H(r) = [8 }] ~@rly o

If the system is started in state 1 so that w(0) = [1 0], then wi(n) =
(3)», me(n) =1 — (3)». If the system is started in state 2 with
n(0) = [0 1], then naturally mi(n) = 0, ma(n) = 1. In either case
we see that the limiting state probability of state 1 is zero, so our
assertion that it is a transient state is correct. Of course the limiting
state probabilities could have been determined from Egs. 1.5 and 1.6
in the manner described earlier.

A transient state need not lead the system into a trapping state.
The system may leave a transient state and enter a set of states that
are connected by possible transitions in such a way that the system
makes jumps within this set of states indefinitely but never jumps
outside the set. Such a set of states is called a recurrent chain of the
Markov process; every Markov process must have at least one recurrent
chain. A Markov process that has only one recurrent chain must be
completely ergodic because no matter where the process is started it
will end up making jumps among the members of the recurrent chain.
However, if a process has two or more recurrent chains, then the
completely ergodic property no longer holds, for if the system is started
in a state of one chain then it will continue to make transitions within
that chain but never to a state of another chain. In this sense, each
recurrent chain is a generalized trapping state; once it is entered, it can
never be left. We may now think of a transient state as a state that
the system occupies before it becomes committed to one of the recurrent
chains.

The possibility of many recurrent chains forces us to revise our think-
ing concerning S, the steady-state component of H(xn). Since the
limiting state probability distribution is now dependent on how the
system is started, the rows of the stochastic matrix S are no longer equal.
Rather, the 7th row of S represents the limiting state probability distri-
bution that would exist if the system were started in the 7th state. The
1th row of the T(») matrix is as before the set of transient components
of the state probability if 7 is the starting state.

Let usinvestigate a very simple three-state process with two recurrent

chains described by
1 0
- [0 o]
IR

3

Thus

)
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with the transition diagram

State 1 constitutes one recurrent chain; state 2 the other.

MARKOV PROCESSES

W=

Both are

trapping states, but the general behavior would be unchanged if each

were a collection of connected states.

State 3 is a transient state that

may lead the system to either of the recurrent chains. To find H(#n)
for this process, we first find
1 -2 0 0
(I — 2P) = 0 1-2 0
-3z —1z 1 -3z
and
(1 — (1 - 32) i
(T= 2% - %) ’ °
- (1 - 201 - %)
— 1 —
(I — 2P) 0 1= 220 =19 0
(1 - 232 (1 — 23 (1 - 2)?
(1221 —-42) (1-2°%1-14%2) (1-22%1- 32
Thus
1 1 00 1 0 00
I —zP)1= 0 1 0] + - 0 00
l—zllo 1— 32| _1 1
2 2 2 2
and
1 00 0 00
Hn) =0 1 0| + ()" O 0 Oj|
130 -3 -} 1
= S + T(n)
If the system is started in state 1, mi(n) = 1, we(n) = ws(n) = 0
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the system is started in state 3, mi(n) = w2(n) = 3[1 — (3)7], ns(n) =
()

We may summarize by saying that if the system is started in state 1
or state 2 it will remain in its starting state indefinitely. If it is started
in state 3, it will be after many moves in state 1 with probability } and
in state 2 with probability 4. These results may be seen directly
from the rows of S which are, after all, the limiting state probability
distributions for each starting condition.

The multichain Markov process is thus treated with ease by z-trans-
formation methods. There is one other case that requires discussion,
however, before we may feel at all confident of our knowledge. That is
the case of periodic chains. A periodic chain is a recurrent chain
with the property that if the system occupies some state at the present
time it will be certain to occupy that same state after p, 2p, 3p, 4p,- - -
transitions, where $ is an integer describing the periodicity of the system.
The simplest periodic system is the two-state system of period 2 with
transition matrix

0 1
P-[i

1

o

1

and transition diagram

If the system is started in state 1, it will be once more in state 1 after
even numbers of transitions and in state 2 after odd numbers of transi-
tions. There is no need for analysis to understand this type of be-
havior, but let us investigate the results obtained by the transformation
method. We have

(I 7P) = [_i "1]

1 z
1-2(1+2 (1-2(1 + 2

X —zP)1=
z 1
(1 —2)(1 + 2) (1 —2)(1 +2)
and
IS O O 1 NS U
T i R I
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The response matrix H(n) is thus

H(n) = [% %] + (—1)n[ "12']

‘%‘ % —2 3

This H(») does represent the solution to the problem because, for
example, if the system is started in state 1, wi(n) = 1[1 + (—1)#]and
ma(n) = $[1 — (—1)»]. These expressions produce the same results that
we saw intuitively. However, what is to be the interpretation placed on
S and T(#) in this problem? The matrix T(#) contains components that
do not die away for larger », but rather continue to oscillate indefinitely.
On the other hand, T(») can still be considered as a perturbation to the
set of limiting state probabilities defined by S. The best interpretation
of the limiting state probabilities of S is that they represent the proba-
bility that the system will be found in each of its states at a time
chosen at random in the future. For periodic processes, the original
concept of limiting state probabilities is not relevant since we know
the state of the system at all future times. However, in many practical
cases, the random-time interpretation introduced above is meaningful
and useful. Whenever we consider the limiting state probabilities of a
periodic Markov process, we shall use them in this sense. Incidentally,
if Eqs. 1.5 and 1.6 are used to find the limiting state probabilities, they
yield 1 = ms = }, in agreement with our understanding.

We have now investigated the behavior of Markov processes using the
mechanism of the z-transform. This particular approach is useful
because it circumvents the difficulties that arise because of multiple
characteristic values of stochastic matrices. Many otherwise elegant
discussions of Markov processes based on matrix theory are markedly
complicated by this difficulty. The structure of the transform method
can be even more appreciated if use is made of the work that has been
done on signal-flow-graph models of Markov processes, but this is
beyond our present scope; references 3 and 4 may be useful.

The following chapter will begin the analysis of Markov processes
that have economic rewards associated with state transitions.

i ol



Markov Processes with Rewards

Suppose that an N-state Markov process earns 7;; dollars when it
makes a transition from state s to state 5. We call 7;; the “reward”
associated with the transition from ¢ to 5. The set of rewards for the
process may be described by a reward matrix R with elements 7;;.
The rewards need not be in dollars, they could be voltage levels, units
of production, or any other physical quantity relevant to the problem.
In most of our work, however, we shall find that economic units such as
dollars will be the pertinent interpretation.

The Markov process now generates a sequence of rewards as it
makes transitions from state to state. The reward is thus a random
variable with a probability distribution governed by the probabilistic
relations of the Markov process. Recalling our frog pond, we can
picture a game where the player receives an amount of money 7;;
if the frog jumps from pad 7 to pad ;. As some of the 7; might
be negative, the player on occasion would have to contribute to the
pot.

Solution by Recurrence Relation

One question we might ask concerning this game is: What will be
the player’s expected winnings in the next » jumps if the frog is now in
state ¢ (sitting on the lily pad numbered z)? To answer this question,
let us define v4(n) as the expected total earnings in the next # transitions
if the system is now in state z.

17
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Some reflection on this definition allows us to write the recurrence
relation

N
vi(n) = > pulry + wn —1)] i=12,---,N n=1,23,-.. (21)
ji=1

If the system makes a transition from 7 to j, it will earn the amount 7y
plus the amount it expects to earn if it starts in state 7 with one move
fewer remaining. Asshown in Eq. 2.1, these earnings from a transition
to 7 must be weighted by the probability of such a transition, p4, to
obtain the total expected earnings.

Notice that Eq. 2.1 may be written in the form

N

N
vi(n) = Y Pury + > pyvy(n — 1)
=1 i=1
1=12,.-.--,N n=1223,--- (2.2
so that if a quantity ¢; is defined by

N
go=Dpyry i=12---,N (2.3)
i=1

Eq. 2.1 takes the form
N

wn) =g+ > pyvsn — 1) =12, N n=1223,..-- (24
i=1

The quantity ¢; may be interpreted as the reward to be expected in
the next transition out of state 7; it will be called the expected immediate
reward for statez. In terms of the frog jumping game, ¢; is the amount
that the player expects to receive from the next jump of the frog if it
is now on lily pad z. Rewriting Eq. 2.1 as Eq. 2.4 shows us that it is
not necessary to specify both a P matrix and an R matrix in order to
determine the expected earnings of the system. All that is needed is a
P matrix and a q column vector with N components ¢;. The reduction
in data storage is significant when large problems are to be solved on a
digital computer. In vector form, Eq. 2.4 may be written as

v(n) = q + Pv(n — 1) n=1213--- (2.5)
where v(n) is a column vector with N components v;(x), called the
total-value vector.

The Toymaker Example

To investigate the problem of expected earnings in greater detail, let
us add a reward structure to the toymaker’s problem. Suppose that
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when the toymaker has a successful toy (the system is in state 1) and
again has a successful toy the following week (the system makes a
transition from state 1 to state 1) he earns a reward of 9 units for that
week (perhaps $900). Thus 711 is equal to 9. If the week has resulted
in a transition from unsuccessful to unsuccessful (state 2 to state 2),
then the toymaker loses 7 units or 735 = —7. Finally, if the week has
produced a change from unsuccessful to successful or from successful
to unsuccessful, the earnings are 3 units, so that 721 = 712 = 3. The
reward matrix R is thus

9 3
R-5 )
Recalling that
0.5 0.5
P= [0.4 0.6]

we can find q from Eq. 2.3:

1= [-3]

Inspection of the q vector shows that if the toymaker has a successful
toy he expects to make 6 units in the following week; if he has no
successful toy, the expected loss for the next week is 3 units.

Suppose that the toymaker knows that he is going to go out of busi-
ness after n weeks. He is interested in determining the amount of
money he may expect to make in that time, depending on whether or
not he now has a successful toy. The recurrence relations Eq. 2.4
or Eq. 2.5 may be directly applied to this problem, but a set of
boundary values v;(0) must be specified. These quantities represent
the expected return the toymaker will receive on the day he ceases
operation. If the business is sold to another party, v1(0), would be the
purchase price if the firm had a successful toy on the selling date, and
v2(0) would be the purchase price if the business were not so situated
on that day. Arbitrarily, for computational convenience, the boundary
values v4(0) will be set equal to zero in our example.

We may now use Eq. 2.4 to prepare Table 2.1 that shows v;(n) for
each state and for several values of #.

Table 2.1. ToTaL EXPECTED REWARD FOR TOYMAKER AS A FUNCTION OF
STATE AND NUMBER OF WEEKS REMAINING

n= 0 1 2 3 4 5
nm) 0 6 7.5 8.55 9.555 10.5555
veln) 0 -3  —24 —1.44 —0.444 0.5556
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Thus, if the toymaker is four weeks from his shutdown time, he expects
to make 9.555 units in the remaining time if he now has a successful
toy and to lose 0.444 unit if he does not have one. Note that vi(n) —
v2(n) seems to be approaching 10 as # becomes large, whereas both
v1(n) — vi(n — 1) and va(n) — ve(n — 1) seem to approach the value
1 for large #». In other words, when # is large, having a successful

f I I [ I

7
- Points for =7
Uy (n) =X

10 el —

~

9 < —
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10 units

Earnings in monetary units
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| <l

Asymptote of v, (n) -
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\//o/
-2 —]

-~
~

~
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- vz(n)

-5 ] | | | |
0 1 2 3 4 5 6
n (weeks remaining)

Fig. 2.1. Toymaker’s problem; total expected reward in each state as a function
of weeks remaining.

toy seems to be worth about 10 units more than having an unsuccessful
one, as far as future return is concerned.  Also, for large #, an additional
week’s operation brings about 1 unit of profit on the average. The
behavior of v;(#) for large # is even more clear when the data of Table
2.1 are plotted as Fig. 2.1. The distance between the asymptotes to
the value expressions is 10 units, whereas the slope of each asymptote is
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1 unit. We shall be very much interested in the asymptotic behavior
of total-earnings functions.

z-Transform Analysis of the Markov Process with Rewards

Let us analyze the Markov process with rewards by means of the

z-transformation. The z-transform of the total-value vector v(n) will
be called v(z) where v(z) = zv(n)z". Equation 2.5 may be written
n=0

as
vin + 1) = q + Pv(n) n=012,--- (2.6)

If we take the z-transformation of this equation, we obtain

#ifo(z) — v(0)] = —— q + Po(2)

v(z) — v(0) = ﬁ q + zPv(z)

@I - 2P)v(z) = l_j_z q + v(0)

or

z
1 -2

v(z) = (X — zP)"1q + (I — 2P)~1v(0) (2.7

Finding the transform v(z) requires the inverse of the matrix (I — 2P),
which also appeared in the solution for the state probabilities. This is
not surprising since the presence of rewards does not affect the proba-
bilistic structure oi the process.

For the toymaker’s problem, v(0) is identically zero, so that Eq. 2.7
reduces to

v(z) = %a — ZP)1q (2.8)

For the toymaker process, the inverse matrix (I — zP)~! was previously
found to be

(I— zP)1 =1 [
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s [E OB, (A, —R[ -3
“rewl 3 S e T
Let the matrix F(x) be the inverse transform of [z/(1 — 2)](I — 2P)~L.
Then
: $ -3
P =nf3 3] + 30 - @[] ]

9 9
The total-value vector v(n) is then F(n)q by inverse transformation of

Eq. 2.8, and, since q = ]

=l -]

In other words,
vi(n) = n + 1 — (F4)"] va(n) = n — 1 — (F)"] (2.9)

We have thus found a closed-form expression for the total expected
earnings starting in each state.

Equations 2.9 could be used to construct Table 2.1 or to draw Fig. 2.1.
We see that, as #» becomes very large, vi(n) takes the form n + 32

whereas vy(n) takes the form » — %42. The asymptotic relations

vi(n) = n + 52
va(n) = n — %

are the equations of the asymptotes shown in Fig. 2.1. Note that, for
large », both v1(n) and vg(n) have slope 1 and vi(n) — ve(n) = 10, as
we saw previously. For large #, the slope of v1(%) or va(%) is the average
reward per transition, in this case 1. If the toymaker were many,
many weeks from shutdown, he would expect to make 1 unit of return
per week. We call the average reward per transition the “gain’’; in
this case the gain is 1 unit.

Asymptotic Behavior

What can be said in general about the total expected earnings of a
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process of long duration? To answer this question, let us return to
Eq. 2.7:
v(z) = —=— (I — zP)"1q + (I — zP)~1v(0) (2.7)

1 -2

It was shown in Chapter 1 that the inverse transform of (I — zP)—!
assumed the form S + T(n). In this expression, S is a stochastic
matrix whose 7th row is the vector of limiting state probabilities if the
system is started in the sth state, and T(») is a set of differential matrices
with geometrically decreasing coefficients. We shall write this relation
in the form

1

-z

- Bt =S+ () (2.10)

where J (2) is the z-transform of T(n). If we substitute Eq. 2.10 into
Eq. 2.7, we obtain

v(z) = Sq +

__z__z T (2)q + Sv(0) + T (2)v(0) (2.11)

z
(1 - 2)2 1 1 -2z
By inspection of this equation for v(z), we can identify the components
of v(n). The term [z/(1 — 2)2] Sq represents a ramp of magnitude Sq.
Partial-fraction expansion shows that the term [z/(1 — 2)]  (2)q repre-
sents a step of magnitude J (1)q plus geometric terms that tend to
zero as n becomes very large. The quantity [1/(1 — z)] Sv(0) is a step
of magnitude Sv(0), whereas J (2)v(0) represents geometric components
that vanish when # is large. The asymptotic form that v(n) assumes

for large # is thus

v(n) = nSq + I (1)q + Sv(0) (2.12)
If a column vector g with components g; is defined by g = Sq, then
v(n) = ng + J (1)q + Sv(0) (2.13)

The quantity g; is equal to the sum of the immediate rewards g;
weighted by the limiting state probabilities that result if the system is
started in the sth state, or

N
8t = Z 1393
i=1

It is also the average return per transition of the system if it is started
in the 7th state and allowed to make many transitions; we may call g¢
the gain of the sth state. Equivalently, it is the slope of the asymptote
of vy(n). Since all member states of the same recurrent chain have
identical rows in the S matrix, such states all have the same gain.
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If there is only one recurrent chain in the system so that it is completely
ergodic, then all rows of S are the same and equal to the limiting state
probability distribution for the process, . It follows that in this case
all states have the same gain, say g, and that

N
g = mgi (2.14)
1=1

The column vector J (1)q + Sv(0) represents the intercepts at # = 0
of the asymptotes of v(#). These intercepts are jointly determined by
the transient behavior of the process J (1)q and by the boundary effect
Sv(0). We shall denote by v; the asymptotic intercepts of vi(n), so
that for large »

wm) =mng +v  i=12..-,N (2.15)

The column vector with components v; may be designated by v so that
v = 7 (1)q + Sv(0). Equations 2.15 then become

v(n) =ng + v for large n (2.16)

If the system is completely ergodic, then, of course, all g; = g, and
we may call ¢ the gain of the process rather than the gain of a state, so
that Eqgs. 2.15 become

vi(n) = ng + vs 1=12...,N for large » (2.17)

By way of illustration for the toymaker’s problem,

1 ¢ s 1 5 _s1
I —2zP)71 ——[i ;] + 1_—1[_2 ZJ
9 9 9

1 -2z ) J0°
= % S + T (2)
so that
4 5 50 __ 50
s-[1 3] so-[_ 5 &
3 9 —31 81
Since
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Therefore, from Egs. 2.15,
vi(n) = n + 32 va(n) = n — %2 for large »
as we found before.
We have now discussed the analysis of Markov processes with
rewards. Special attention has been paid to the asymptotic behavior

of the total expected reward function, for reasons that will become
clear in later chapters.



The Solution of the

Sequential Decision Process

by Value Iteration

The discussion of Markov processes with rewards has been the means
to an end. This end is the analysis of decisions in sequential processes
that are Markovian in nature. This chapter will describe the type of
process under consideration and will show a method of solution based on
recurrence relations.

Introduction of Alternatives

The toymaker’s problem that we have been discussing may be de-
scribed as follows. If the toymaker is in state 1 (successful toy), he
makes transitions to state 1 and state 2 (unsuccessful toy) according
to a probability distribution [p1;] = [0.5 0.5] and earns rewards
according to the reward distribution [r3;] = [9 3]. If the toymaker
is in state 2, the pertinent probability and reward distributions are
[p2s] = [0.4 0.6]and[rs;] = [3 —7]. This process hasbeen analyzed
in detail; we know how to calculate the expected earnings for any
number of transitions before the toymaker goes out of business.

Suppose now that the toymaker has other courses of action open to
him that will change the probabilities and rewards governing the process.
For example, when the toymaker has a successful toy, he may use
advertising to decrease the chance that the toy will fall from favor.
However, because of the advertising cost, the profits to be expected
per week will generally be lower. To be specific, suppose that the
probability distribution for transitions from state 1 will be
[p15] = [0.8 0.2] when advertising is employed, and that the

26
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corresponding reward distribution will be [71;] = [4 4]. The toymaker
now has two alternatives when he is in state 1: He may use no advertis-
ing or he may advertise. We shall call these alternatives 1 and 2,
respectively. [Each alternative has its associated reward and prob-
ability distributions for transitions out of state 1. We shall use a super-
script % to indicate the alternatives in a state. Thus, for alternative
1in state 1, [p1;1] = [0.5 0.5],[71;4] = [9 3]; and for alternative 2 in
state 1, [p1;2] = [0.8 0.2], [71;2] = [4 4]

There may also be alternatives in state 2 of the system (the company
has an unsuccessful toy). Increased research expenditures may in-
crease the probability of obtaining a successful toy, but they will also
increase the cost of being in state 2. Under the original alternative
in state 2, which we may call alternative 1 and interpret as a limited
research alternative, the transition probability distribution was
[p25] = [0.4 0.6], and the reward distribution was [79;] = [3 —7].
Under the research alternative, alternative 2, the probability and reward
distribution might be [p2;] = [0.7 0.3] and [72;] = [1 —19]. Thus,
for alternative 1 in state 2,

[$21] = [0.4 0.6] [res'] =[3 —7]
and for alternative 2 in state 2,
[p2s2] = [0.7 0.3] [72;2] = [1 —19]

The concept of alternative for an N-state system is presented
graphically in Fig. 3.1. In this diagram, two alternatives have been

Present state Pyt Succeeding state
of system of system
i=1 j=1
i=20 j=2
i=30 j=3
1 |
i |
b ]
i i
: :
i=NO Oj=N

Fig. 3.1. Diagram of states and alternatives.

allowed in the first state. If we pick alternative 1 (¢ = 1), then the
transition from state 1 to state 1 will be governed by the probability
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111, the transition from state 1 to state 2 will be governed by pisl,
from 1 to 3 by pi3!, and so on. The rewards associated with these
transitions are 711!, 712}, 713!, and so on. If the second alternative in
state 1 is chosen (¢ = 2), then $112, p122, P13%,-- -, pin? and 7112, 7122,
r13%,- - -, 7182, and so on, would be the pertinent probabilities and
rewards, respectively. In Fig. 3.1 we see that, if alternative 1 in state
1is selected, we make transitions according to the solid lines; if alterna-
tive 2 is chosen, transitions are made according to the dashed lines.
The number of alternatives in any state must be finite, but the number
of alternatives in each state may be different from the numbers in
other states.

The Toymaker’s Problemn Solved by Value Iteration

The alternatives for the toymaker are presented in Table 3.1. The
quantity g¢:* is the expected reward from a single transition from state

N
1 under alternative 2. Thus, ¢/ = Z Daghrigk.
i=1

Table 3.1. THE TOYMAKER’S SEQUENTIAL DECISION PROBLEM

Expected
Transition Immediate
State Alternative Probabilities Rewards Reward
i k ¥ P vk mek q:*
1 (Successful toy) 1 (No advertis- 0.5 0.5 9 3 6
ing)

2 (Advertising) 0.8 0.2 4 4 4
2 (Unsuccessful 1 (No research) 0.4 0.6 3 -7 -3
toy) 2 (Research) 0.7 0.3 1 -19 -5

Suppose that the toymaker has # weeks remaining before his business
will close down. We shall call #» the number of stages remaining in the
process. The toymaker would like to know as a function of # and his
present state what alternative he should use for the next transition
(week) in order to maximize the total earnings of his business over the
n-week period.

We shall define d;(n) as the number of the alternative in the 7th state
that will be used at stage n. We call d;(#) the “decision” in state ¢ at
the nth stage. When d;(n) has been specified for all 7 and all %, a
‘“policy” has been determined. The optimal policy is the one that
maximizes total expected return for each ¢ and ».

To analyze this problem, let us redefine v;(n) as the total expected
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return in # stages starting from state ¢ if an optimal policy is followed.
It follows that for any #
AT
vi(n + 1) = max > pyF[ry* + vi(n)] n=20,12,--- (3.1
k

j=1

Suppose that we have decided which alternatives to follow at stages =,
n — 1,---, 11in such a way that we have maximized v;(n) for j = 1, 2,
.-+, N. We are at stage » + 1 and are seeking the alternative we
should follow in the 7th state in order to make v;(# + 1) as large as
possible; this is di(n + 1). If we used alternative % in the sth state,
then our expected return for » + 1 stages would be

N

PiFlry® + v5{n)] (3.2)
i=1
by the argument of Chapter 2. We are seeking the alternative in the 7th
state that will maximize Expression 3.2. For this alternative, vs(» + 1)
will be equal to Expression 3.2; thus we have derived Eq. 3.1,* which we
may call the value iteration equation. Equation 3.1 may be written
in terms of the expected immediate rewards from each alternative in
the form

vi(n + 1) = m?x[qt" + ipukvj(n)] (3.3)

The use of the recursive relation (Eq. 3.3) will tell the toymaker
which alternative to use in each state at each stage and will also provide
him with his expected future earnings at each stage of the process.
To apply this relation, we must specify v;(0) the boundary condition
for the process. We shall assign the value 0 to both v31(0) and v2(0),
as we did in Chapter 2. Now Eq. 3.3 will be used to solve the toy-
maker’s problem as presented in Table 3.1. The results are shown in
Table 3.2.

Table 3.2. ToYMAKER’S PROBLEM SOLVED BY VALUE ITERATION

n = 0 1 2 3 4
v1(n) 0 6 8.2 10.22 12.222
va(n) 0 -3 -1.7 0.23 2.223
dy(n) — 1 2 2 2
ds(n) — 1 2 2 2

The calculation will be illustrated by finding the alternatives and

* Equation 3.1 is the application of the ““ Principle of Optimality” of dynamic
programming to the Markovian decision process; this and other applications are
discussed by Bellman.1
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rewards at the first stage. Since v(0) = 0, vi(1) = max ¢:*. The
k

alternative to be used in state 1 at the first stage is that with the largest
expected immediate reward. Since ¢i! = 6 and ¢i12 = 4, the first
alternative in state 1 is the better one to use at the first stage, and

v1(1) = 6. Similarly, vs(1) = max ¢o¥, and, since, ¢s! = —3, and
k

ge2 = —5, the first alternative in state 2 is the better alternative and

ve(l) = —3. Having now calculated v4(1) for all states, we may

again use Eq. 3.3 to calculate v;(2) and to determine the alternatives
to be used at the second stage. The process may be continued for as
many # as we care to calculate.

Suppose that the toymaker has three weeks remaining and that he is
in state 1. Then we see from Table 3.2 that he expects to make 10.22
units of reward in this period of time, v3(3) = 10.22, and that he should
advertise during the coming week, 4i1(3) = 1. We may similarly
interpret any other situation in which the toymaker may find himself.

Note that for » = 2, 3, and 4, the second alternative in each state is
to be preferred. This means that the toymaker is better advised to
advertise and to carry on research in spite of the costs of these activities.
The changes produced in the transition probabilities more than make
up for the additional cost. It has been shownl! that the iteration
process (Eq. 3.3) will converge on a best alternative for each state as »
becomes very large. For this problem the convergence seems to have
taken place at # = 2, and the second alternative in each state has been
chosen. However, in many problems it is difficult to tell when con-
vergence has been obtained.

Evaluation of the Value-Iteration Approach

The method that has just been described for the solution of the
sequential process may be called the value-iteration method because the
vg(n) or “values” are determined iteratively. This method has some
important limitations. It must be clear to the reader that not many
enterprises or processes operate with the specter of termination so
imminent. For the most part, systems operate on an indefinite basis
with no clearly defined end point. ' It does not seem efficient to have
to iterate vy(n) for » = 1, 2, 3, and so forth, until we have a sufficiently
large » that termination is very remote. We would much rather have
a method that directed itself to the problem of analyzing processes of
indefinite duration, processes that will make many transitions before
termination.

Such a technique has been developed; it will be presented in the next
chapter. Recall that, even if we were patient enough to solve the
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long-duration process by value iteration, the convergence on the best
alternative in each state is asymptotic and difficult to measure analyti-
cally. The method to be presented circumvents this difficulty.

Even though the value-iteration method is not particularly suited
to long-duration processes, it is relevant to those systems that face
termination in a relatively short time. However, it is important to
recognize that often the process need not have many stages before a
long-duration analysis becomes meaningful.



The Policy-Iteration Method
for the Solution of

Sequential Decision Processes

Consider a completely ergodic N-state Markov process described by
a transition-probability matrix P and a reward matrix R. Suppose
that the process is allowed to make transitions for a very, very long
time and that we are interested in the earnings of the process. The total
expected earnings depend upon the total number of transitions that the
system undergoes, so that this quantity grows without limit as the
number of transitions increases. A more useful quantity is the average
earnings of the process per unit time. It was shown in Chapter 2
that this quantity is meaningful if the process is allowed to make many
transitions; it was called the gain of the process.

Since the system is completely ergodic, the limiting state proba-
bilities m; are independent of the starting state, and the gain g of the
system is

N
g = mgi (2.14)
=1

where ¢; is the expected immediate return in state ¢ defined by Eq. 2.3.

Every completely ergodic Markov process with rewards will have a
gain given by Eq. 2.14. If we have several such processes and we
should like to know which would be most profitable on a long-term
basis, we could find the gain of each and then select the one with highest
gain.

The sequential decision process of Chapter 3 requires consideration
of many possible processes because the alternatives in each state may
be selected independenily. By way of illustration, consider the

32
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three-dimensional array of Fig. 4.1, which presents in graphical form
the states and alternatives.

k Alternatives

J Succeeding
phn | Pgnd Pgend state

i Present state

NN
X

N el
X

1Lrl 1r)
Pei*Ts1 Pes*"ss

Fig. 4.1. A possible five-state problem.

The array as drawn illustrates a five-state problem that has four
alternatives in the first state, three in the second, two in the third, one
in the fourth, and five in the fifth. Entered on the face of the array
are the parameters for the first alternative in each state, the second
row in depth of the array contains the parameters for the second
alternative in each state, and so forth. An X indicates that we have
chosen a particular alternative in a state with a probability and reward
distribution that will govern the behavior of the system at any time
that it enters that state. The alternative thus selected is called the
““decision” for that state; it is no longer a function of #. The set of
X’s or the set of decisions for all states is called a “policy.” Selection
of a policy thus determines the Markov process with rewards that will
describe the operations of the system. The policy indicated in the
diagram requires that the probability and reward matrices for the system
be composed of the first alternative in state 4, the second alternative in
states 2 and 3, and the third alternative in states 1 and 5. It is possible
to describe the policy by a decision vector d whose elements represent
the number of the alternative selected in each state. In this case

9
Il
W= NN W

An optimal policy is defined as a policy that maximizes the gain,
or average return per transition.* In the five-state problem dia-
grammed in Fig. 4.1, there are 4 x 3 x 2 x 1 x 5 = 120 different

* We shall assume for the moment that all policies produce completely ergodic
Markov processes. This assumption will be relaxed in Chapter 6.
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policies. It is conceivable that we could find the gain for each
of these policies in order to find the policy with the largest gain. How-
ever feasible this may be for 120 policies, it becomes unfeasible for very
large problems. For example, a problem with 50 states and 50 alter-
natives in each state contains 50%0( = 1085) policies.

The policy-iteration method that will be described will find the optimal
policy in a small number of iterations. It is composed of two parts, the
value-determination operation and the policy-improvement routine.
We shall first discuss the value-determination operation.

The Value-Determination Operation

Suppose that we are operating the system under a given policy so that
we have specified a given Markov process with rewards. If this process
were to be allowed to operate for # stages or transitions, we could define
v4(n) as the total expected reward that the system will earn in # moves if
it starts from state ¢ under the given policy.

The quantity v;(») must obey the recurrence relation (Eq. 2.4)
derived in Chapter 2:

N
wn) =g+ 2 pyvsn —1) i=12---,N n=123,.. (24)
i=1

There is no need for a superscript % to appear in this equation because
the establishment of a policy has defined the probability and reward
matrices that describe the system.

It was shown in Chapter 2 that for completely ergodic Markov proc-
esses v¢(n) had the asymptotic form

vi(n) = ng + vy i=12,---,N for large » (2.17)

In this chapter we are concerned only with systems that have a very,
very large number of stages. We are then justified in using Eq. 2.17
in Eq. 2.4. We obtain the equations

N
ng +vi=qi+ >pylln — g +v] i=12---,N
ji=1

N N
ng +vi=¢q;+ (n— 1)g Z{m + ZPMU;
= =1

1

N
Since z P = 1, these equations become
i=1

N
g+w=9¢+22’u”1 i1=12---,N (4.1)
j=1

J
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We have now obtained a set of N linear simultaneous equations that
relate the quantities v; and g to the probability and reward structure
of the process. However, a count of unknowns reveals N v; and 1 g
to be determined, a total of N + 1 unknowns. The nature of this
difficulty may be understood if we examine the result of adding a constant
a to all v; in Eqgs. 4.1. These equations become

N
g+v¢+a=qi+2pﬁ(v,~+a)
i=1

or
N
g+ vi=qi + D pivs
j=1

The original equations have been obtained once more, so that the
absolute value of the v; cannot be determined by the equations. How-
ever, if we set one of the v; equal to zero, perhaps vy, then only N un-
knowns are present, and the Eqgs. 4.1 may be solved for g and the
remaining v;. Notice that the v; so obtained will not be those defined
by Eq. 2.17 but will differ from them by a constant amount. Never-
theless, because the true values of the v; contain a constant term

N

Z V¢ (O)

i=1

as shown in Eq. 2.13, they have no real significance in processes that
continue for a very large number of transitions. The v; produced by
the solution of Egs. 4.1 with vy = 0 will be sufficient for our purposes;
they will be called the relative values of the policy.

The relative values may be given a physical interpretation. Consider
the first two states, 1 and 2. For any large #, Eq. 2.17 yields

v1(n) = ng + v1 va(n) = ng + v

The difference vi(n) — ve(n) = v1 — ve for any large #; it is equal
to the increase in the long-run expected earnings of the system caused
by starting in state 1 rather than state 2. Since the difference v1 — vs
is independent of any absolute level, the relative values may be used to
find the difference. In other words, the difference in the relative values
of the two states v1 — vg is equal to the amount that a rational man
would be just willing to pay in order to start his transitions from
state 1 rather than state 2 if he is going to operate the system for
many, many transitions. We shall exploit this interpretation of the
relative values in the examples of Chapter 5.
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If Egs. 4.1 are multiplied by =, the limiting state probability of the
1th state, and then summed over ¢, we obtain

N N N N N
gZT‘i + vai = qui + Z Zﬂip{ﬂ)j
i=1 =1 ic1

ji=11i=1
The basic equations (Egs. 1.5 and 1.6) show that this expression is
equivalent to Eq. 2.14:

N
g = mgi (2.14)
i=1

A relevant question at this point is this: If we are seeking only the gain
of the given policy, why did we not use Eq. 2.14 rather than Eq. 4.1?
As a matter of fact, why are we bothering to find such things as relative
values at all? The answer is first, that although Eq. 2.14 does find
the gain of the process it does not inform us about how to find a better
policy. We shall see that the relative values hold the key to finding
better and better policies and ultimately the best policy.

A second part of the answer is that the amount of computational
effort required to solve Egs. 4.1 for the gain and relative values is about
the same as that required to find the limiting state probabilities using
Eqgs. 1.5 and 1.6, because both computations require the solution of NV
linear simultaneous equations. From the point of view of finding the
gain, Eqgs. 2.14 and 4.1 are a standoff ; however, Egs. 4.1 are to be pre-
ferred because they yield the relative values that will be shown to be
necessary for policy improvement.

From the point of view of computation, it is interesting to note that
we have considerable freedom in scaling our rewards because of the
linearity of Eqs. 4.1. If the rewards 7;; of a process with gain g and
relative values v; are modified by a linear transformation to yield new
rewards 7' in the sense 7;;' = ary; + b, then since

N
gi = 2 pury
j=1

the new expected immediate rewards ¢;" will be ¢;" = ag; + b, so that the
¢: are subjected to the same transformation. Equations 4.1 become

N
+ > pyy  i=12--,N

or

N
(ag + b) + (ave) = ¢’ + Z, pu(avy)

and

N
g+ =g + 2 puysf
=1
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The gain g’ of the process with transformed rewards is thus ag + b,
whereas the values vy of this process will equal av;. The effect of
changes in the units of measurement and in the absolute level of the
reward system upon the gain and relative values is easily calculated.
Thus we could normalize all rewards to be between 0 and 1, solve the
entire sequential decision process, and then use the inverse of our
original transformation to return the gain and relative values to their
original levels.

‘We have now shown that for a given policy we can find the gain and
relative values of that policy by solving the N linear simultaneous
equations (Eqgs. 4.1) with vy = 0. We shall now show how the relative
values may be used to find a policy that has higher gain than the original
policy.

The Policy-Improvement Routine

In Chapter 3 we found that if we had an optimal policy up to stage n
we could find the best alternative in the sth state at stage » + 1 by
maximizing

N
g + ZIPM"W(") (4.2)

over all alternatives in the sth state. For large #, we could substitute
Eq. 2.17 to obtain

N
g* + Z PiF(ng + vg) (4.3)

J
as the test quantity to be maximized in each state. Since

N
> put =1
i=1

the contribution of #g and any additive constant in the v; becomes a
test-quantity component that is independent of 2. Thus, when we are
making our decision in state 7, we can maximize

N
gt + > pytu; (4.4)
ji=1

with respect to the alternatives in the sth state. Furthermore, we can
use the relative values (as given by Eqgs. 4.1) for the policy that was
used up to stage #.

The policy-improvement routine may be summarized as follows: For
each state 7, find the alternative % that maximizes the test quantity

N
g + > putus
=1
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using the relative values determined under the old policy. This
alternative 2 now becomes 4;, the decision in the sth state. A new
policy has been determined when this procedure has been performed
for every state.

We have now, by somewhat heuristic means, described a method for
finding a policy that is an improvement over our original policy. We
shall soon prove that the new policy will have a higher gain than the
old policy. First, however, we shall show how the value-determination
operation and the policy-improvement routine are combined in an
iteration cycle whose goal is the discovery of the policy that has highest
gain among all possible policies.

The Iteration Cycle

The basic iteration cycle may be diagrammed as shown in Figure 4.2.

Value- Deteymination Operation
Use py; and g¢; for a given policy to solve
N
[_» g+vi=¢q + ZPijvj 1=1,2,---,N T
=1

for all relative values v; and g by setting vy to zero.

Policy-I M;brovement Routine

For each state 7, find the alternative 2’ that maximizes

N
] gk + > pikv; ]
i=1
using the relative values v; of the previous policy. Then &’
becomes the new decision in the ith state, ;¥ becomes ¢;, and
pi% becomes pj;.

Fig. 4.2. The iteration cycle.

The upper box, the value-determination operation, yields the g and v;
corresponding to a given choice of ¢; and p;;. The lower box yields
the p¢jand ¢; that increase the gain for a given set of v;. In other words,
the value-determination operation yields values as a function of policy,
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whereas the policy-improvement routine yields the policy as a function
of the values.

We may enter the iteration cycle in either box. If the value-
determination operation is chosen as the entrance point, an initial
policy must be selected. If the cycle is to start in the policy-improve-
ment routine, then a starting set of values is necessary. If there is no
a priori reason for selecting a particular initial policy or for choosing a
certain starting set of values, then it is often convenient to start the
process in the policy-improvement routine with all v»; = 0. In this
case, the policy-improvement routine will select a policy as follows:

For each ¢, it will find the alternative 2’ that maximizes ¢;*¥ and then
set dy = k'

This starting procedure will consequently cause the policy-improve-
ment routine to select as an initial policy the one that maximizes the
expected immediate reward in each state. The iteration will then
proceed to the value-determination operation with this policy, and the
iteration cycle will begin. The selection of an initial policy that maxi-
mizes expected immediate reward is quite satisfactory in the majority
of cases.

At this point it would be wise to say a few words about how to stop
the iteration cycle once it has done its job. The rule is quite simple:
The optimal policy has been reached (g is maximized) when the
policies on two successive iterations are identical. In order to prevent
the policy-improvement routine from quibbling over equally good alter-
natives in a particular state, it is only necessary to require that the
old d; be left unchanged if the test quantity for that d; is as large as
that of any other alternative in the new policy determination.

In summary, the policy-iteration method just described has the
following properties:

1. The solution of the sequential decision process is reduced to solving
sets of linear simultaneous equations and subsequent comparisons.

2. Each succeeding policy found in the iteration cycle has a higher
gain than the previous one.

3. The iteration cycle will terminate on the policy that has largest
gain attainable within the realm of the problem; it will usually find this
policy in a small number of iterations.

Before proving properties 2 and 3, let us see the policy-iteration
method in action by applying it to the toymaker’s problem.

The Toymaker’s Problem
The data for the toymaker’s problem were presented in Table 3.1.
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There are two states and two alternatives in each state, so that there
are four possible policies for the toymaker, each with associated proba-
bilities and rewards. He would like to know which of these four policies
he should follow into the indefinite future to make his average earnings
per week as large as possible.

Let us suppose that we have no a priori knowledge about which policy
is best. Then if we set v1 = vs = 0 and enter the policy-improvement
routine, it will select asaninitial policy the one that maximizes expected
immediate reward in each state. For the toymaker, this policy con-
sists of selection of alternative 1 in both states 1 and 2. For this

policy
=[] 203 0f e=[]
We are now ready to begin the value-determination operation that
will evaluate our initial policy. From Egs. 4.1,
g + v1 =06+ 05v; + 0.50, g +ve= —3+ 04v1 + 0.6v;
Setting v2 = 0 and solving these equations, we obtain
g=1 v1 = 10 v =0

(Recall that by use of a different method the gain of 1 was obtained
earlier for this policy.) We are now ready to enter the policy-improve-
ment routine as shown in Table 4.1.

Table 4.1. ToyMAKER PoOLICY-IMPROVEMENT ROUTINE

State Alternative Test Quantity
N
¢ k g + > pytu;
i=1
1 1 6 + 0.5(10) + 0.5(0) = 11
2 4 4+ 0.8(10) + 0.2(0) = 12«
2 1 —3 + 0.4(10) + 0.6(0) = 1
2 -5+ 0.7(10) + 0.3(0) = 2«

The policy-improvement routine reveals that the second alternative
in each state produces a higher value of the test quantity

N
g + > pitvs
=

than does the first alternative. Thus the policy composed of the second
alternative in each state will have a higher gain than our original policy.



THE TOYMAKER'S PROBLEM 41

However, we must continue our procedure because we are not yet sure
that the new policy is the best we can find. For this policy,

el I R I
Equations 4.1 for this case become
g +v1i=4+ 0.8v; + 0.20;
g +v2= —5+ 0701 + 0.3v2

With vs = 0, the results of the value-determination operation are

g=2 1 = 10 vg =0

The gain of the policy d = [g] is thus twice that of the original

policy. We must now enter the policy-improvement routine again,
but, since the relative values are coincidentally the same as those for
the previous iteration, the calculations in Table 4.1 are merely repeated.

The policy d = [2] is found once more, and, since we have found the

2
same policy twice in succession, we have found the optimal policy.
The toymaker should follow the second alternative in each state. If he
does, he will earn 2 units per week on the average, and this will be a
higher average earning rate than that offered by any other policy. The

reader should verify, for example, that both policy d = B] and policy

d= [ﬂ have inferior gains.

For the optimal policy, v; = 10, vg = 0, so that v; — vz = 10.
This means that, even when the toymaker is following the optimal
policy by using advertising and research, he is willing to pay up to
10 units to an outside inventor for a successful toy at any time that
he does not have one. The relative values of the optimal policy may
be used in this way to aid the toymaker in making “one-of-a-kind”
decisions about whether to buy rights to a successful toy when business
is bad.

The optimal policy for the toymaker was found by value iteration in
Chapter 3. The similarities and differences of the two methods should
now be clear. Note how the policy-iteration method stopped of its
own accord when it achieved policy convergence; there is no comparable
behavior in the value-iteration method. The policy-iteration method
has a simplicity of form and interpretation that makes it very desirable
from a computational point of view. However, we must always bear
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in mind that it may be applied only to continuing processes or to those
whose termination is remote.
A Proof of the Properties of the Policy-Iteration Method

Suppose that we have evaluated a policy 4 for the operation of the
system and that the policy-improvement routine has produced a policy
B that is different from A. Then if we use superscripts 4 and B to
indicate the quantities relevant to policies 4 and B, we seek to prove
that gB > g4.

It follows from the definition of the policy-improvement routine
that, since B was chosen over 4,

N N
G + D puyPod > gt + D pytvA  i=1,2,---, N (45)
i=1 i=1
Let
N N
Yi = g8 + D puBuh — gt — O pitvst (4.6)
i=1 i=1
so that y; > 0. The quantity vy: is the improvement in the test quan-

tity that the policy-improvement routine was able to achieve in the
ith state. For policies 4 and B individually, we have from Egs. 4.1

N
g8 + v =qiB + > pyBvE i=1,2,-..,N (4.7)

i=1

N
gh + vt =gd + D pytvA i=1,2,---, N (4.8)

i=1

If Eq. 4.8 is subtracted from Eq. 4.7, then the result is
N N
g8 — g4 + v — v = qiB — gt + D puBusB — > pydut (4.9)
i=1 i=1

If Eq. 4.6 is solved for ¢;8 — ¢;4 and this result is substituted into
Eq. 4.9, then we have

N N
g8 — g4 + viB — vt = i — D PPt + > putus
=1 i=1

N N
+ D PP — > pyvA
j=1 ji=1

or

N
g8 — g4 + viB — v = yi + D puyB(B — vs4) (4.10)
j=1
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Let g2 = gB — g4 and v2 = v;8 — v;4. Then Eq. 4.10 becomes

N
g+ vt =vyi+ D piPup  i=12--- N (4.11)
j=1

Equations 4.11 are identical in form to Eqgs. 4.1 except that they are
written in terms of differences rather than in terms of absolute quanti-
ties. Just as the solution for g obtained from Egs. 4.1 is

N
g = Z g
i=1

so the solution for g2 in Eqs. 4.11 is

N
=S mly 4.12)
=1

where ;8 is the limiting state probability of state z under policy B.

Since all =8 > 0 and all y; > 0, therefore, g4 > 0. In particular,
gB will be greater than g4 if an improvement in the test quantity can
be made in any state that will be recurrent under policy B. We see
from Eq. 4.12 that the increases in gain caused by improvements in
each recurrent state of the new policy are additive. Even if we
performed our policy improvement on only one state and left other
decisions unchanged, the gain of the system would increase if this
state is recurrent under the new policy.

We shall now show that it is impossible for a better policy to exist and
not be found at some time by the policy-improvement routine. Assume
that, for two policies 4 and B, gB > g4, but the policy-improvement
routine has converged on policy 4. Then in all states, y; < 0, where
vi is defined by Eq. 4.6. Since m;B > 0 for all 7, Eq. 4.12 holds that
g8 — g4 < 0. But gB > g4 by assumption, so that a contradiction
has been reached. It is thus impossible for a superior policy to remain
undiscovered.

The following chapter will present further examples of the policy-
iteration method that show how it may be applied to a .variety of
problems.



Use of the Policy-Iteration Method
in Problems of Taxicab Operation,

Baseball, and Automobile Replacement

An Example—Taxicab Operation

Consider the problem of a taxicab driver whose territory encompasses
three towns, A, B, and C. If he is in town A, he has three alterna-
tives:

1. He can cruise in the hope of picking up a passenger by being
hailed.

2. He can drive to the nearest cab stand and wait in line.

3. He can pull over and wait for a radio call.

If he is in town C, he has the same three alternatives, but if he is in
town B, the last alternative is not present because there is no radio cab
service in that town. For a given town and given alternative, thereis a
probability that the next trip will go to each of the towns A, B, and C
and a corresponding reward in monetary units associated with each
such trip. This reward represents the income from the trip after all
necessary expenses have been deducted. For example, in the case of
alternatives 1 and 2, the cost of cruising and of driving to the nearest
stand must be included in calculating the rewards. The probabilities
of transition and the rewards depend upon the alternative because
different customer population will be encountered under each alter-
native.

If we identify being in towns A, B, and C with states 1, 2, and 3,
respectively, then we have Table 5.1.

44
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Table 5.1. DaATA FOR TAaXICcAB PROBLEM

State  Alternative Probability Reward Expected
Immediate
Reward
N
2 k py* 7% gk = > pakryk
i=1
j=1 2 3 j=1 2 3
1 1 1 17 10 4 8 ] 8
2 ¥ % 1% 8 2 4 2.75
3 r & % 4 6 4 ] 4.25
2 1 2 0 3 ( 14 0 18] 16
2 i F i | 8 16 8 | 15
3 1 1 1 3 (10 2 8] 7
2 ¥ 3 3 6 4 2 4
3 3 % %] L 4 0 8] 4.5

The reward is measured in some arbitrary monetary unit; the num-
bers in Table 5.1 are chosen more for ease of calculation than for any
other reason.

In order to start the decision-making process, suppose that we make
v1, v2, and vz = 0, so that the policy improvement will choose initially
the policy that maximizes expected immediate reward. By examining
the ¢g;*, we see that this policy consists of choosing the first alternative
in each state. In other words, the policy vector d whose sth element is
the decision in the sth state is

d=|1
1

or the policy is always cruise.
The transition probabilities and expected immediate rewards corre-
sponding to this policy are

11 8
P=1[1 0 1 q=|16
T 1 3 7
Now the value-determination operation is entered, and we solve the
equations

N
g+v=gqi+>pyw i=12---,N
=1
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In this case we have

g+v1= 8+ Lvr + tvs + }us
g+ ve =16 + Jv1 + Ovs + Lus
g+va= 7+ v+ tvs + fus

Setting vg = 0 arbitrarily and solving these equations, we obtain
v; = 1.33 vy = 7.47 v3 =0 g =92

Under a policy of always cruising, the driver will make 9.2 units per
trip on the average.

Returning to the policy-improvement routine, we calculate the
quantities

N
g + > pitv;
i=1
for all 7 and &, as shown in Table 5.2.

Table 5.2. FIrsT PorLicy IMPROVEMENT FOR TAXICAB PROBLEM

State Alternative Test Quantity
N
i k gk + > pi*v;
i=1
1 1 10.53«
2 8.43
3 5.52
2 1 16.67
2 21.62«
3 1 9.20
2 9.77 <
3 5.97

We see that for 2 = 1 the quantity in the right-hand column is maxi-
mized when 2 = 1. For + = 2 or 3, it is maximized when 2 = 2.
In other words, our new policy is

-

This means that if the driver is in town A he should cruise; if he is
in town B or C, he should drive to the nearest stand.
We have now

S 8
P-|d § % aq=|15
S B 4
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Returning to the value-determination operation, we solve the equations
g+vi= 8+ iv1 + }ve + }us
g + v2 = 15 + '%g‘lh + %‘Uz + '%5-1)3
g+vs= 4+ v + dv2 + Jus
Again with v3 = 0, we obtain
vy = —3.88 vy = 12.85 vg =0 g =13.15

Note that g has increased from 9.2 to 13.15 as desired, so that the
cab earns 13.15 units per trip on the average. A second policy-
improvement routine is shown in Table 5.3.

Table 5.3. SEcoOND PorLicy IMPROVEMENT FOR TAXICAB PROBLEM

State Alternative Test Quantity
N
d k gi* + > pytv;
=1
1 1 9.27
2 12.14<
3 4.89
2 1 14.06
2 26.00«
3 1 9.24
2 13.10«
3 2.39

The new policy is thus

-

The driver should proceed to the nearest stand, regardless of the town
in which he finds himself.
With this policy

6 3 % 2.75
P- & § &  q-|15
bog ol 4

Entering the value-determination operation, we have
g+v1= 275+ fev1 + §v2 + 5vs

g+v2=15 4+ Fev1 + §v2 + T4us
g+v3=4 +§v1+§v2+—};v3
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With v3 = 0, the solution to these equations is
v; = —1.18 vy = 12.66 v3 =0 g = 13.34

Note that there has been a small but definite increase in g from 13.15
to 13.34; however, we as yet have no evidence that the optimal policy
has been found. The next policy improvement is shown in Table 5.4.

Table 5.4. THIRD PoricYy IMPROVEMENT FOR TAXICAB PROBLEM

State Alternative Test Quantity
N
i k g% + > pik;
i=1
1 1 10.58
2 1217«
3 5.54
2 1 15.41
2 2442«
3 1 9.87
2 13.34«
3 441

The new policy is

-

but this is equal to the previous policy, so that the process has con-
verged, and g has attained its maximum, namely, 13.34. The cab
driver should drive to the nearest stand in any city. Following this
policy will yield a return of 13.34 units per trip on the average, almost
half as much again as the policy of always cruising found by maxi-
mizing expected immediate reward. The calculations are summarized
in Table 5.5.

Table 5.5. SuMMARY OF TAXICAB PROBLEM SOLUTION

v1 0 1.33 —3.88 —1.18

vy 0 7.47 12.85 12.66

v3 0 0 0 0

g — 9.20 13.15 13.34
NN TN A T

dy 1 1 2 2

dg 1 2 2 2 STOP

ds 1 2 2 2

p indicates that this step takes place in the policy-improvement routine.
v indicates that this step takes place in the value-determination operation.
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Notice that the optimal policy of always driving to a stand is the
worst policy in terms of immediate reward. This is roughly equivalent
to saying that if a cab driver is to conduct his affairs in the best way
he must consider not only the fare from a trip but also the destination
of the trip with respect to the expectation of further trips. Any
experienced cab driver will verify the wisdom of such reasoning. It
often happens in the sequential decision process that the birds in the
bush are worth more than the one in the hand.

The policy-improvement routine of Table 5.3 provides us with an
opportunity to check Eq. 4.12. The policy changed as a result of this
routine from a policy 4 for which

1
d=|2
2]

to a policy B described by
o
d= |2
2]

The quantities y; defined by Eq. 4.6 may be obtained from Table 5.3.
They are the differences between the test quantities for each policy.
We find y; = 12.14 — 9.27 = 2.87, whereas y2 = ys = 0 because the
decisions in states 2 and 3 are the same for both policies 4 and B.

Application of Eqgs. 1.5 and 1.6 to the transition-probability matrix
for policy B yields the limiting state probabilities :

w1 = 0.0672 s = 0.8571 g = 0.0757
From Eq. 4.12 we then have that
g8 = (0.0672)(2.87) = 0.19

The change of policy from 4 to B should thus have produced an in-
crease in gain of 0.19 unit. Since g4 = 13.15 and gB = 13.34, our
prediction is correct.

A Baseball Problem

It is interesting to explore computational methods of solving the
discrete sequential decision problem. The policy-improvement routine
is a simple computational problem compared to the value-determination
operation. Inorder to determine the gain and the values, it is necessary
to solve a set of simultaneous equations that may be quite large.

A computer program for solving the problem that we have been
discussing has been developed as an instrument of research. This
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program performs the value-determination operation by solving a set
of simultaneous equations using the Gauss-Jordan reduction. Prob-
lems possessing up to 50 states and with up to 50 alternatives in each
state may be solved.

Table 5.6. BASEBALL PROBLEM DATA

1. Manager tells player at bat to try for a hit.

Player Player on Player on
Probability Batter on First Second Goes  Third Goes
Outcome of Outcome Goes to Goes to to to
Single 0.15 1 2 3 H
Double 0.07 2 3 H H
Triple 0.05 3 H H H
Home run 0.03 H H H H
Base on balls 0.10 1 2 3 (if forced) H (if forced)
Strike out 0.30 Out 1 2 3
Fly out 0.10 Out 1 2 H (if less than
2 outs)
Ground out 0.10 Out 2 3 H (if less than
2 outs)
Double play 0.10 Out The player nearest first is out.

The interpretation of these outcomes is not described in detail. For instance,
if there are no men on base, then hitting into a double play is counted simply as
making an out.

2. Manuger tells player at bat to bunt.

Outcome Probability Effect
Single 0.05 Runners advance one base.
Sacrifice 0.60 Batter out; runners advance one base.
Fielder’s choice 0.20 Batter safe; runner nearest to making run is
out, other runners stay put unless forced.
Strike or foul out 0.10 Batter out; runners do not advance.
Double play 0.05 Batter and player nearest first are out.

3. Manager tells player on fivst to steal second.

4. Manager tells player on second to steal thivd.

In either case, the attempt is successful with probability 0.4, the player’s position
is unchanged with probability 0.2, and the player is out with probability 0.4.

5. Manager tells player on third to steal home.

The outcomes are the same as those above, but the corresponding probabilities
are 0.2, 0.1, and 0.7.

Baseball fans please note: No claim is made for the validity of either assumptions
or data.
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When this program was used to solve the taxicab problem, it of
course yielded the same solutions we obtained earlier, but with more
significant figures. The power of the technique can be appreciated
only in a more complex problem possessing several states. As an
illustration of such a problem, let us analyze the game of baseball
using suitable simplifying assumptions to make the problem manageable.

Consider the half of an inning of a baseball game when one team is
at bat. This team is unusual because all its players are identical in
athletic ability and their play is unaffected by the tensions of the game.
The manager makes all decisions regarding the strategy of the team,
and his alternatives are limited in number. He may tell the batter
to hit or bunt, tell a man on first to steal second, a man on second to
steal third, or a man on third to steal home. For each situation during
the inning and for each alternative, there will be a probability of reaching
each other situation that could exist and an associated reward expressed
in runs. Let us specify the probabilities of transition under each
alternative as shown in Table 5.6.

The state of the system depends upon the number of outs and upon
the situation on the bases. We may designate the state of the system
by a four-digit number d1d2d3d 4, where d; is the number of outs—O0, 1, 2,
or 3—and the digits dadsds are 1 or 0 corresponding to whether there
is or is not a player on bases 3, 2, and 1, respectively. Thus the state
designation 2110 would identify the situation ““ 2 outs; players on second
and third,” where 1111 would mean “1 out; bases loaded.”” The
states are also given a decimal number equal to 1 + 84; + (decimal
number corresponding to binary number d1dsds). The state 0000 would
be state 1, and the state 3000 would be state 25; 2110 corresponds
to 23, 1111 to 16. There are eight base situations possible for each of
the three out situations 0, 1, 2. There is also the three-out case 3——-,
where the situation on base is irrelevant and we may arbitrarily call
3———, the state 3000. Therefore, we have a 25-state problem.

The number of alternatives in each state is not the same. State
1000 or 9 has no men on base, so that none of the stealing alternatives
are applicable, and only the hit or bunt options are present. State
0101 or 6 has four alternatives: hit, bunt, steal second, or steal home.
State 3000 or 25 has only 1 alternative, and that alternative causes it
to return to itself with probability 1 and reward 0. State 25 is a trap-
ping or recurrent state; it is the only state that the system may occupy
as the number of transitions becomes infinite.

To fix ideas still more clearly, let us list explicitly in Table 5.7 the
transition probabilities p;;* and rewards 7;;* for a typical state, say 0011
or 4. In state 4(: = 4), three alternatives apply: hit, bunt, steal
third. Only nonzero p;;* are listed. The highest expected immediate
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reward in this state would be obtained by following alternative 1,
Hit.

Table 5.7. PROBABILITIES AND REWARDS FOR STATE 4 OF BASEBALL
ProsLEM (0011)

First alteynative: Hit, k = 1.

(=)

Next State j P4.’i1 745
0000 1 0.03 3
0100 5 0.05 2
0110 7 0.07 1
0111 8 0.25 0 g4l = 0.26
1011 12 0.40 0
1110 15 0.10 0
2010 19 0.10 0
Second alternative: Bunt, B = 2.
Next State ] p4_7'2 74]'2
0111 8 0.05 0
1011 12 0.30 0 2 _ 0
1110 15 0.60 0 =
2010 19 0.05 0
Thivd alternative: Steal third, & = 3.
Next State b p4j3 1’4"3
0011 4 0.20 0 30
0101 6 040 0 "=
1001 10 0.40 0

Table 5.8, entitled ‘“Summary of Baseball Problem Input,” shows
for each state ¢ the state description, the alternatives open to the man-
ager in that state, and ¢s*, the expected immediate reward (in runs) from
following alternative % in state 7. The final column shows the policy
that would be obtained by maximizing expected immediate reward in
each state. This policy is to bunt in states 5, 6, 13, and 14, and to hit
in all others. States 5, 6, 13, and 14 may be described as those states
with a player on third, none on second, and with less than two outs.

The foregoing data were used as an input to the computer program
described earlier. Since the program chooses an initial policy by
maximizing expected immediate reward, the initial policy was the one
just mentioned. The machine had to solve the equations only twice to
reach a solution. Its results are summarized in Table 5.9.

The optimal policy is to hit in every state. The v; may be interpreted
as the expected number of runs that will be made if the inning is now
in state ¢ and it is played until three outs are incurred. Since a team
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Table 5.8. SuMMARY OF BASEBALL PROBLEM INPUT

Number

. of Alter- Initial

Alternative Alternative  Alternative Alternative natives Policy

State Description 1 2 3 4 in State dyif vg

Bases k=1 k=2 k=3 k=4 i Set = 0
i Outs 3 2 1 g 4 93 q¢t

1 0 0 0 0 0.03Hit — — — 1 1
2 0 0 0 1 0.11Hit 0 Bunt O Steal 2 — 3 1
3 0 0 1 0 0.18Hit 0 Bunt O Steal 3 — 3 1
4 0 0 1 1 026Hit 0 Bunt 0 Steal 3 — 3 1
5 0 1 0 O 0.53Hit 0.65 Bunt  0.20 Steal H — 3 2
6 0 1 0 1 0.61Hit 0.65 Bunt 0 Steal2 0 Steal H 4 2
7 0 1 1 0 0.68 Hit 0.65 Bunt  0.20 Steal H — 3 1
8 0 1 1 1 0.86Hit 0.65 Bunt  0.20 Steal H — 3 1
9 1 0 0 0 003Hit — — — 1 1
10 1 0 0 1 0.11Hit 0 Bunt 0 Steal 2 — 3 1
11 1 0 1 0 O0.18Hit 0 Bunt O Steal 3 — 3 1
12 1 0 1 1 0.26Hit 0 Bunt O Steal 3 — 3 1
13 1 1 0 0 0.53Hit 0.65 Bunt  0.20 Steal H — 3 2
14 1 1 0 1 0.61Hit 0.65 Bunt 0 Steal 2 0.20 Steal H 4 2
15 1 1 1 0 0.68 Hit 0.65 Bunt  0.20 Steal H — 3 1
16 1 1 1 1 0.86Hit 0.65 Bunt  0.20 Steal H — 3 1
17 2 0 0 0 0.03Hit — — — 1 1
18 2 0 0 1 0.11Hit 0 Bunt 0 Steal 2 — 3 1
19 2 0 1 0 0.18Hit 0 Bunt 0 Steal 3 — 3 1
20 2 0 1 1 0.26 Hit 0 Bunt 0 Steal 3 — 3 1
21 2 1 0 0 0.33Hit 0.05 Bunt  0.20 Steal H — 3 1
22 2 1 0 1 041Hit 0.05Bunt 0 Steal 2 0.20 Steal H 4 1
23 2 1 1 0 048Hit 0.05 Bunt  0.20 Steal H — 3 1
24 2 1 1 1 0.66Hit 0.05 Bunt  0.20 Steal H — 3 1
25 3 — — — 0Trapped — — — 1 1

starts each inning in state 1, or ““no outs, no men on,” then v; may be
interpreted as the expected number of runs per inning under the given
policy. The initial policy yields 0.75 for v;, whereas the optimal
policy yields 0.81. In other words, the team will earn about 0.06
more runs per inning on the average if its uses the optimal policy
rather than the policy that maximizes expected immediate reward.

Note that under both policies the gain was zero as expected, since
after an infinite number of moves the system will be in state 25 and will
always make reward 0. Note also that, in spite of the fact that the
gain could not be increased, the policy-improvement routine yielded
values for the optimal policy that are all greater than or equal to those
for the initial policy. The appendix shows that the policy-improvement
routine will maximize values if it is impossible to increase gain.

The values v; can be used in comparing the usefulness of states. For
example, under either policy the manager would rather be in a position
with two men out and bases loaded than be starting a new inning
(compare vg4 with v;). However, he would rather start a new inning
than have two men out and men on second and third (compare ve3
with v;). Many other interesting comparisons can be made. Under
the optimal policy, having no men out and a player on first is just about
as valuable a position as having one man out and players on first and
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second (compare vs with v;2). It is interesting to see how the preceding
comparisons compare with our intuitive notions of the relative values
of baseball positions.

Table 5.9. SUuMMARY OF BASEBALL PROBLEM SOLUTION

Iteration 1 Iteration 2
g=0 g=0
State Description Decision  Value v; State Description Decision Value v;
1 0000 Hit 0.75 1 0000 Hit 0.81
2 0001 Hit 1.08 2 0001 Hit 1.25
3 0010 Hit 1.18 3 0010 Hit 1.35
4 0011 Hit 1.82 4 0011 Hit 1.89
5 0100 Bunt 1.18 5 0100 Hit 1.56
6 0101 Bunt 1.56 6 0101 Hit 2.07
7 0110 Hit 2.00 7 0110 Hit 2.17
8 0111 Hit 2.67 8 0111 Hit 2.74
9 1000 Hit 0.43 9 1000 Hit 0.46
10 1001 Hit 0.75 10 1001 Hit 0.77
11 1010 Hit 0.79 11 1010 Hit 0.86
12 1011 Hit 1.21 12 1011 Hit 1.23
13 1100 Bunt 0.88 13 1100 Hit 1.11
14 1101 Bunt 1.10 14 1101 Hit 1.44
15 1110 Hit 1.46 15 1110 Hit 1.53
16 1111 Hit 1.93 16 1111 Hit 1.95
17 2000 Hit 0.17 17 2000 Hit 0.17
18 2001 Hit 0.34 18 2001 Hit 0.34
19 2010 Hit 0.40 19 2010 Hit 0.40
20 2011 Hit 0.59 20 2011 Hit 0.59
21 2100 Hit 0.51 21 2100 Hit 0.51
22 2101 Hit 0.68 22 2101 Hit 0.68
23 2110 Hit 0.74 23 2110 Hit 0.74
24 2111 Hit 0.99 24 2111 Hit 0.99
25 3000 Hit 0 25 3000 Hit 0

The Replacement Problem

The examples of the policy-iteration method presented up to this
point have been somewhat far removed from the realm of practical
problems. It would be extremely interesting to see the method applied
to a problem that is of major importance to industry. As an example
of such a practical application, the replacement problem was chosen.
This is the problem of when to replace a piece of capital equipment
that deteriorates with time. The question to be answered is this:
If we now own a machine of a certain age, should we keep it or should
we trade it in; further, if we trade it in, how old a machine should we
buy?

In order to fix ideas, let us consider the problem of automobile
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replacement over a time interval of ten years. We agree to review
our current situation every three months and to make a decision on
keeping our present car or trading it in at that time. The state of the
system, 4, is described by the age of the car in three-month periods; 4
may run from 1 to 40. In order to keep the number of states finite,
a car of age 40 remains a car of age 40 forever (it is considered to be
essentially worn out). The alternatives available in each state are
these: The first alternative, 2 = 1, is to keep the present car for another
quarter. The other alternatives, 2 > 1, are to buy a car of age 2 — 2,
where 2 — 2 may be as large as 39. We have then 40 states with 41
alternatives in each state, with the result that there are 4140 possible
policies.
The data supplied are the following:

C;, the cost of buying a car of age ¢

T, the trade-in value of a car of age ¢

E;, the expected cost of operating a car of age ¢ until it reaches age
i+ 1

s, the probability that a car of age 7 will survive to be age ¢ + 1
without incurring a prohibitively expensive repair

The probability defined here is necessary to limit the number of
states. A car of any age that has a hopeless breakdown is immediately
sent to state 40. Naturally, psao = 0.

The basic equations governing the system when it is in state ¢z are
the following: If 2 = 1 (keep present car),

g+ vi= —E; + piver1 + (1 — pe)vao
If £ > 1 (trade for car of age & — 2),
g+ vi=Ti— Cho2 — Ex-2 + pr—20k-1 + (1 — pr—2)v40

It is simple to phrase these equations in terms of our earlier notation.
For instance,

qik = —Ei fork =1 qik = Ti - C};_z — Ek_z fork2 > 1

Pi ]' =1+ 1
pi¥F =<1 —pi 7 =40 fork=1
0 other ;

D2 j=k—-1
P =<1 — pr—2 7 =40 for 2 >1
0 other 5
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The actual data used in the problem are listed in Table 5.10 and
graphed in Figure 5.1. The discontinuities in the cost and trade-in
functions were introduced in order to characterize typical model-year
effects.

Table 5.10. AUTOMOBILE REPLACEMENT DATA

Agein Cost Trade- Operating Survival Agein Cost Trade- Operating Survival

Periods in Expense Proba- Periods in Expense Proba-
Value bility Value bility
7 o T; E; i 7 C: T; E; b
0  $2000 $1600  $50 1.000
1 1840 1460 53 0.999 21 $345 $240  $115 0-925
2 1680 1340 56 0.998 22 330 225 118 0.919
3 1560 1230 59 0.997 23 315 210 121 0.910
4 1300 1050 62 0.996 24 300 200 125 0.900
5 1220 980 65 0.994 25 290 190 129 0.890
6 1150 910 68 0.991 26 280 180 133 0.880
7 1080 840 71 0.988 27 265 170 137 0.865
8 900 710 75 0.985 28 250 160 141 0.850
9 840 650 78 0.983 29 240 150 145 0.820
10 780 600 81 0.980 30 230 145 150 0.790
11 730 550 84 0.975 31 220 140 155 0.760
12 600 480 87 0.970 32 210 135 160 0.730
13 560 430 90 0.965 33 200 130 167 0.660
14 520 390 93 0.960 34 190 120 175 0.590
15 480 360 96 0.955 35 180 115 182 0.510
16 440 330 100 0.950 36 170 110 190 0.430
17 420 310 103 0.945 37 160 105 205 0.300
18 400 290 106 0.940 38 150 95 220 0.200
19 380 270 109 0.935 39 140 87 235 0.100
20 360 255 112 0.930 40 130 80 250 0
2000 1.00

TT T[T T T[T T T[T T T[T TT]TTT
Survival - 0.90

1600 rprobability 080
\ ' 0.70
o 1200 \\ 0.60 :;‘
S Cost C 40508
o 1 .. S
800 \\*\/ ~040 &

Trade-in
value Ti';;\\ 0.30
400 — . —0.20
Operating expense E; \ 0
10

0 sansssssnssesSf SRR RNERERE

0 1 2 3 4 5 6 7 8 9 10
Years

0 4 8 12 16 20 24 28 32 36 40
Periods i

Fig. 5.1. Automobile replacement data.
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The automobile replacement problem was solved by the policy-
iteration method in seven iterations. The sequence of policies, gains,
and values is shown in Table 5.11. The optimal policy given by itera-
tion 7 is this: If you have a car that is more than } year old but less
than 6} years old, keep it. If you have a car of any other age, trade
it in on a 3-year-old car. This seems to correspond quite well
with our intuitive notions concerning the economics of automobile
ownership. Note that if we at present have a car that is 3 or 6 months
old we should trade it for a 3-year-old car, but that if our car’s
age is between 6 months and 63 years, we should keep it. These rules
enable us to enter the 3 to 6} cycle; once the cycle is entered, the car
we own will always be between 3 and 6} years old.* It is satisfying
to note that the program at any iteration requires that, if we are going
to trade, we must trade for a car whose age is independent of our
present car’s age. This is just the result that the logic of the situation
would dictate.

If we follow our optimal policy, we shall keep a car until it is 6} years
old and then buy a 3-year-old car. Suppose, however, that when
our car is 4 years old, a friend offers to swap his 1-year-old car for
ours for an amount X. Should we take up his offer? In order to answer
this question, we must look at the values.

In each of the iterations, the value of state 40 was set equal to zero
for computational purposes. Table 5.11 also shows the values under the
best policy when the value of state 40 is set equal to $80, the trade-in
value of a car of that age. When this is done, each v; represents the
value of a car of age ¢ to a person who is following the optimal policy.
In order to answer the question just posed, we must compare the value
of a 1-year-old car, v4 = $1152, with the value of a 4-year-old car,
vie = $422. If his asking price X is less than vy — vig = $730, we
should make the trade; otherwise, we should not. If is, of course, not
necessary to change v4o from zero in order to answer this problem;
however, making v4 = $80 does give the values an absolute physical
interpretation as well as a relative one.

If the optimal policy is followed, the yearly cost of transportation is
about $604 (4 x $150.95). If the policy of maximizing immediate
reward shown in iteration 1 were followed, the yearly cost would
be $1000. Thus, following a policy that maximizes future reward

* Of course, chaos for the automobile industry would result if everyone followed
this policy. Where would the 3-year-old cars come from? Economic forces
would increase the price of such cars to a point where the 3 to 6} policy is
no longer optimal. The preceding analysis must assume that there are enough
people in the market buying cars for psychological reasons that sc-called
‘“‘rational”’ buyers are a negligible influence.
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rather than immediate reward has resulted in a saving of almost $400
per year. The decrease of period cost with iteration is shown in Fig.
5.2. The gain approaches the optimal value roughly exponentially.
Notice that the gains for the last three iterations are so close that for
all practical purposes the corresponding policies may be considered
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Fig. 5.2. Quarterly cost of automobile operation as a function of iteration.

to be equivalent. The fact that a 3-year-old car is the best buy is
discovered as early as iteration 4. The model-year discontinuity
occurring at 3 years is no doubt responsible for this particular
selection.

The replacement problem described in this section is typical of a
large class of industrial replacement problems. Placing these problems
in the framework of the policy-iteration method requires only a thorough
understanding of their peculiarities and some foresight in selecting a
suitable formulation.



The Policy-Iteration Method
for Multiple-Chain Processes

The developments of Chapter 4 assumed that all the possible policies
for the system were completely ergodic. Complete ergodicity meant
that each policy defined a Markov process with only one recurrent chain,
and thus with a unique gain. Our problem was simply to find the
policy that had highest gain; the method of Chapter 4 accomplished
this purpose. This iteration technique is satisfactory for most problems
because we can usually define a problem in such a way as to meet the
requirement that it have only completely ergodic policies. This was
the case for the examples of Chapter 5.

However, it is not difficult to think of processes that have multiple
chains. In Chapter 1 we discussed a three-state process with transi-

tion-probability matrix
1 00
P=10 1 0
T 1 1

3 3 3

that had two recurrent chains. Suppose that the process had an
1

expected immediate reward vector q = [2] expressed in dollars. The
3

matrix of limiting-state probability vectors was found in Chapter 1

to be
1 00
S=10 1 0
3 30

60
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1
The gain vector g = Sq = [ 2 ], and we interpret g as follows: If the
1.5
process were started in state 1, it would earn $1.00 per transition. A
start in state 2 would earn $2.00 per transition. Finally, since the
system is equally likely to enter state 1 or state 2 after many transitions
if it is started in state 3, such a starting position is expected to earn
$1.50 per transition on the average. The averaging involved is per-
formed over several independent trials starting in state 3, because in
any given trial either $1.00 or $2.00 per transition will be ultimately
earned.

The gain of the system thus depends upon the state in which it is
started. A start in state ¢ produces a gain g;, so that we may think of
the gain as being a function of the state as well as of the process. Our
new task is to find the policy for the system that will maximize the
gain of all states of the system. We are fortunate that the policy-
iteration method of Chapter 4 can be extended to the case of multiple-
gain processes. We shall now proceed to this extension.

The Value-Determination Operation

Equations 2.15 show the asymptotic form that the total expected
reward of the system assumes when the system is started in state ¢
and allowed to make a large number of transitions:

vlm) =mgi +vi  i=12--, N (2.15)

Each state has its own g;, but, as discussed in Chapter 2, all states that
are members of the same recurrent chain have the same gain. If we
agree to study the unending process, Eqgs. 2.15 may be used with the
basic recurrence relation for total expected earnings,

N
viln + 1) = qi + > pivi(n)  i=1,2,---,N (6.1)
j=1
to yield
N
(n + Dgi + vi = gi + D pislngs + v5)

j=1
or

N N
ngi + & + vi = qi + nzpijgj + Zpijvj (6.2)
i=1 i=1

If Eq. 6.2 is to be satisfied for any large #, it follows that

N
=St i=120N ©3
j=1
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and

N
g +vi=qi+ Dpyw; i=12--- N (6.4)
=1

We now have the two sets of N linear simultaneous equations (Egs.
6.3 and 6.4) that we may use to solve for the Ng; and Nv;. However,
Eqs. 6.3 may not be solved uniquely for the »;. The matrix [I — P]
has a singular determinant, so that the solution for the g; obtained from
Eqs. 6.3 will contain arbitrary constants. The number of arbitrary
constants is equal to the number of recurrent chains in the process.
Equations 6.3 essentially relate the gains of each state to the gains
of each recurrent chain. For example, in an L-chain process there will
be L independent gains. The gains of the states that are transient
will be related by Egs. 6.3 to the L independent gains and so will be
determined when the independent gains are determined.

The N equations (Eqs. 6.4) must now be used to determine the L
independent gains and also the Nv;. We thus have L too many un-
knowns. However, suppose that we extend our former procedure by
setting equal to zero the v; for one state in each recurrent chain, so
that a total of Lv; will be equated to zero. We shall generally choose
the highest numbered state in each chain to be the one whose v; is
set equal to zero. We find that Eqs. 6.4 may now be solved for the L
independent gains and for the remaining (N — L)v;.

The v; determined by the solution of Eqs. 6.4 may still be called
relative values if we remember that they are relative within a chain.
The difficulty of solving Eqgs. 6.3 and 6.4 is about the same as that of
finding the limiting-state-probability matrix S for a multiple-chain
process. We shall see that the relative values v; are as useful as the
true limiting v; defined by Eqs. 2.15, as far as the search for the optimal
policy is concerned.

To illustrate these remarks, let us find the gain and relative values of
the two-chain process discussed at the beginning of this section.
Equations 6.3. yield

1= g2 = &2 g3 = 381 + 382 + 33

Thus there are two independent gains g1 and g2. The gain of state 3
is expressed in terms of g1 and g2 by g3 = $g1 + %g2. If we could find
g1 and gs, we should know the gain of every state. In general, we shall
call 1g the gain of chain 1, 2¢ the gain of 2, and so on, and then express
the gain of each state in terms of 1g, 2g,---. This notation cannot be
used until the states are identified with respect to chain membership.
For this problem, g1 = 1g, g2 = %g, and g3 = 3¢ + 1%.
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Equations 6.4 yield

gr+vi=1+0; g2+ v2 =2+ vs
g3 +vs3 =3+ 4v1 + dvs + }us

If we now express g3 in terms of g1 and g2 and then set equal to zero
the relative value of one state in each recurrent chain so that
v1 = v = 0, we obtain

gr=1 g2 =2 381 + 382 + va = 3 + lus

The solution of this set of equationsis g1 = 1, g2 = 2, vz = 2.25, so
that

g1=1 g2 =2 gz =15
v1 =0 vy = 0 vg = 2.25

are the gains and relative values for each state of the process. The
gains are of course the same as those obtained earlier.

The Policy-Improvement Routine

We shall now show how the gains and the relative values of a policy
may be used to find the optimal policy for the system. Following
the argument of Chapter 4, if we now have a policy that we have been
following up to stage #, we may find a better decision for the sth state
at stage » + 1 by maximizing

N
g + 3 putoi) (4.2)

with respect to all alternatives in state 2. For large #, in Expression
4.2 we may substitute the relation in Egs. 2.15 to obtain

N
gi¥ + > piF(ng; + vj)
7j=1
or

N N
n Y pitgi + giF + D piiv; (6.5)
j=1 j=1

as the test quantity to be maximized. When # is large, Expression
6.5 is of course maximized by the alternative that maximizes

N
D bitgs
j=1
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Policy Evaluation

Use p;; and ¢; for a given policy to solve the double set of
equations

N
€i=ZPijgj 1=1,2,---,N
ji=1

N
vi+gi=qi+ 0 pyy =12, N
i=1

for all v; and g;, by setting the value of one v; in each recurrent
chain to zero.

Policy Improvement

For each state ¢, determine the alternative k2 that maximizes

N

> piike

=1

using the gains of the previous policy, and make it the new
decision in the ith state.
If

N
> pike;
i=1

is the same for all alternatives, or if several alternatives are
equally good according to this test, the decision must be made
on the basis of relative values rather than gains. Therefore,
if the gain test fails, break the tie by determining the alter-
native k that maximizes

N
gk + > pik;
ji=1
using the relative values of the previous policy, and by making
it the new decision in the ith state.

Regardless of whether the policy-improvement test is based
on gains or values, if the old decision in the sth state yields as
high a value of the test quantity as any other alternative,
leave the old decision unchanged. This rule assures conver-
gence in the case of equivalent policies.

When this procedure has been repeated for all states, a
new policy has been determined and new [p;] and [g;] ma-
trices have been obtained. If the new policy is the same as
the previous one, the iteration process has converged, and the
best policy has been found ; otherwise, enter the upper box.

Fig. 6.1.

General iteration cycle for discrete sequential decision processes.
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the gain test quantity, using the gains of the old policy. However,
when all alternatives have the same value of

N
> bites
i=1

or when a group of alternatives have the same maximum value of the
gain test quantity, the tie is broken by choosing the alternative that
maximizes the value test quantity,

N
gk + D pivs
=1

by using the relative values of the old policy. The relative values may
be used for the value test because, as we shall see, the test is not affected
by a constant added to the v; of all states in a recurrent chain.

The general iteration cycle is shown in Fig. 6.1. Note that it reduces
to our iteration cycle of Fig. 4.2 for completely ergodic processes. An
example with more than one chain will now be discussed, followed by
the relevant proofs of optimality.

A Multichain Example

Let us find the optimal policy for the three-state system whose
transition probabilities and rewards are shown in Table 6.1. The
transition probabilities are all 1 or 0, first for ease of calculation and
second to show that no difficulties are introduced by such a structure.
This system has the possibility of multiple-chain policies.

Table 6.1. A MULTICHAIN EXAMPLE

State Alternative Probabilities Expected Immediate
Reward
i k Pk pic*  pisk g:*
1 1 1 0 0 1
2 0 1 0 2
3 0 0 1 3
2 1 1 0 0 6
2 0 1 0 4
3 0 0 1 5
3

W=
SO
- o
-Oo o
N O 00
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Let us begin with the policy that maximizes expected immediate
reward. This policy is composed of the third alternative in the first
state, the first alternative in the second state, and the second alternative
in the third state. For this policy

3 0 01 3
d= |1 P=]1 00 q= |6
2 010 9

We are now ready to enter the policy-evaluation part of the iteration
cycle. Equations 6.3 yield

81 = §3 82 = &1 83 = &2

These results show that there is only one recurrent chain and that
all three states are members of it. If we call its gain g, then
g1 = g2 = g3 = g; the relative value vs is arbitrarily set equal to zero.
If we use these results in writing Eqgs. 6.4, the following equations are
obtained:

g+uv1=3 g+ve=06+ 1 g=9+ ve
Their solution is g = 6, v; = vg = —3, so that
g1=26 g2=06 g3 =26
and
rUl=‘_3 'U2=—3 ‘l)3=0

We are now ready to seek a policy improvement as shown in Table
6.2.

Table 6.2. FirsT PoLicy IMPROVEMENT FOR MULTICHAIN EXAMPLE

State Alternative Gain Test Quantity Value Test Quantity
N N
i k 2. byke gk + > piyky;
i=1 1=1
1 1 6 14+ (=3)=-2
2 6 2+ (-3 =-1
3 6 3+ (0= 3«
2 1 6 6+ (=3)= 3
2 6 4+ (-3 = 1
3 6 5+ (0)= S5«
3 1 6 8+ (=3)= 5
2 6 9+ (-3)= 6
3 6 7+ (0)= 7«
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Since the gain test produced ties in all cases, the value test was
necessary. The new policy is

3 00 1 3
d=|3 P=(0 0 1 q=15
3 00 1 7

This policy must now be evaluated. Equations 6.3 yield

81 =43 g2 = &3 83 = &3
We may let g1 = g2 = g3 = g, set v3 = 0, and use Eqgs. 6.4 to obtain

g+v1=3 g +ve=25 g=17
The solution is g = 7, v1 = —4, v = —2, and so
g1=7 g2=7 g3=7
and
'1)1=—4- 1}2=—2 '113:0

The policy-improvement routine is shown in Table 6.3.

Table 6.3. SecoND PoLicy IMPROVEMENT FOR MULTICHAIN EXAMPLE

State Alternative Gain Test Quantity Value Test Quantity
N N
i k > bie 9k + > pyku
j=1 i=1
1 1 7 -3
2 7 0
3 7 3«
2 1 7 2
2 7 2
3 7 S5«
3 1 7 4
2 7 7
3 7 7<

Since once more the gain test was indeterminate, it was necessary to
rely on the relative-value comparison. In state 3, alternatives 2 and
3 are tied in the value test. However, because alternative 3 was our
old decision, it will remain as our new decision. We have thus obtained
the same policy twice in succession; it must therefore be the optimal
policy. The optimal policy has a gain of 7 in all states. The policy

3
d = [3} , which was possible because of the equality of the value test
2

in state 3, is also optimal.
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Although this system had the capacity for multichain behavior, such
behavior did not appear if we chose as our starting point the policy
that maximized expected immediate reward. Nevertheless, other
choices of starting policy will create this behavior.

Let us assume the following initial policy:

3 00 1 3
d = 2} P=010] q = 4]
1 100 8

To evaluate this policy, we first apply Egs. 6.3 and obtain

1= §3 g2 = &2 g8 =481

There are two recurrent chains. Chain 1 is composed of states 1 and
3, chain 2 of state 2 alone. Therefore, g1 = g3 = 1g, g2 = 2g, and we
may set vg = vg = 0. Equations 6.4 then yield

o +v;=3 20 = 4 g =8+
The solution of these equations is 1g = 41, 20 = 4, v; = —$, and so
&6 =% g2 =4 gs =%
and
V1 = —’% Vg = 0 V3 = O

Table 6.4 shows the policy-improvement routine.

Table 6.4. Poricy IMPROVEMENT BY A CHANGE IN CHAIN STRUCTURE

State Alternative Gain Test Quantity Value Test Quantity
N N
i k > bijkes g% + > piko;
=1 i=1
1 1 i -3
2 4 2
3 X 3«
2 1 1 2
2 4 4
3 B 5«
3 1 1.2_1_ lz 1
2 4 9
3 s T«

The policy improvement in this case was performed by means of
both gains and values. The gain test selected two alternatives in each
state, and the value test then decided between them. The policy that
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has been produced is the optimal policy that was found earlier, and so
there is no need to continue the procedure because we would only
repeat our earlier work.

In the preceding example we began with a two-chain policy and ended
with the optimal one-chain policy. The reader should start with such

1 1

policies as d = [2} andd = [1] to see how the optimal policy with
3 1

gain 7 for all states may be reached by various routes. Note that in

no case is it necessary to use the true limiting values v;; the relative

values are adequate for policy-improvement purposes.

Properties of the Iteration Cycle

We shall now show that the iteration cycle of Fig. 6.1 will lead to
the policy that has a higher gain in each state than any other policy.
Suppose that a policy 4 has been evaluated so that its gains and values
are known. The policy-improvement routine will use these gains and
values to produce a new policy B. We need to determine the relation-
ship between policies 4 and B.

If in state ¢ the decision was made on the basis of gains, we know
that

N N
D DuBgA > > puytgA
ji=1 ji=1

where superscripts 4 and B are used to denote the quantities pertaining
to each policy. In particular, we may define

N N
Yo = > piBgd — > puyigA (6.6)
=1 =1

The quantity {; is greater than zero if the decision in the 7th state is
based on gain and is equal to zero if it is based on values. If {;isequal
to zero, so that a value decision is made, we know that

N N
qu + Z Pi,‘tijA > in + Z PijAvjA
=1 j=1
If we let
N N
Yi = ¢ + ZPijB-vjA — qid — ZPUAWA (6.7)
i=1 j=1

then y; > 0. If both ¢4 and y; = 0, then the policies A and B are
equivalent as far as the test quantities in state 7 are concerned. Insuch

a case we would arbitrarily use the decision in state 7 pertaining to
policy 4.
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The policy-evaluation equations may now be written for both policies
A and B according to Egs. 6.3 and 6.4. For policy 4 we have

N

giA = EPUAgJA 7 = 1, 2’- .., N (6.8)

ji=1
N
gt + vl = g4 + > pyvd i=1,2,---, N (6.9)

j=1
For policy B the corresponding relations are

N
g8 = zpingjB 1=1,2,---,N (6.10)
j=1

N
g8 + v = g8 + Z;biijjB 1=12,.-.-,N (6.11)

j=1

Subtraction of Eq. 6.8 from Eq. 6.10 yields

N N
g8 — gt = D puBgiB — > pyigA
j=1 i=1

If Eq. 6.6 is used to eliminate

N

> pisgA

j=1
and we let g2 = g;8 — g;4, then

N
gt = i + > PPt i=1,2,---,N (6.12)
=1

Similarly, if Eq. 6.9 is subtracted from Eq. 6.11, we obtain

N N
g8 — gt + uB — v = g8 — g + 3 puBu — 3 pivs
ji=1 ji=1

Equation 6.7 may be used to eliminate ¢;8 — ¢;4. Then if we let
v8 = 98 — 14, we have

N
gh + vt = yi + D pyPop i=12,-- N (6.13)
i=1

We have now found that the changes in gains and values must satisfy
the two sets of equations (Eqs. 6.12 and 6.13). Equations 6.13 are
identical to Eqs. 6.4 except that they are written in terms of differences
in gain and value rather than the absolute quantities, and y; appears
instead of ¢;. However, Eqs. 6.12 differ from Eqs. 6.3 because of the
term {;; otherwise, if {; were zero, Eqs. 6.12 would bear the same
relation to Eqgs. 6.3 that Eqs. 6.13 bear to Eqs. 6.4. Let us investigate
further the nature of Egs. 6.12.
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The policy B described by parameters ;8 and ¢;8 may of course have
many independent chains. If there are L recurrent chains in the proc-
ess, then we are able to identify L groups of states with the property
that if the system is started in any state within a group it will always
make transitions within that group. Inaddition there willbean L + 1st
group of transient states with the property that if the system is started
in any state of this group it will ultimately make a transition into one
of the L recurrent chains. By a renumbering of states, it is possible
to write the matrix P3 in the form

up 0 0 10
“““““““

0 | 2P 0 10
PB = ! | ! !
! | ! |

o | o | 20 2
I ' i !

L+1, 1P | L+l 2P i | L+1, LP | L+l, L+1P
The square submatrices 11P, 22P,. .., LLP are the transition matrices

for the chains 1, 2,. - -, L after the renumbering; each is itself a stochas-
tic matrix. Submatrices of the form 7sP are composed of zero elements
if #sand » # L + 1. The submatrix L+1, L+1P js the matrix of
transition probabilities among transient states. Some of the elements
of the submatrices Z+1, sP for s = 1, 2,---, L must be positive.

If the same renumbering scheme is used on the vectors g4, vA, ¢, vy,
and =, we obtain a set of vectors composed of L + 1 subvectors; these
vectors are

»1gA 1yA lq) ].Y
ZgA 2yA 29' 2Y
g = : vA = : $ = : Y = :
LgA LyA Lq, LY
L+1gA L+1yA L+1q, L+1Y
T = [lﬂ 3 27 E .o .E LnE L+1n]

The vector = is the state-probability vector for the L-chain process.
Each subvector 7x is the limiting-state-probability vector if the system
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is started in a state of the rth chain; 7w = &P, and the sum of the
components of each rw for » = 1,2,---, L is 1. The subvector L+ix
has all components zero because all states in the group L + 1 are
transient.

Equations 6.12 and 6.13 in vector form are

gh=14¢ + PBga (6.14)
gA + vA = Y + PB yaA (615)
If the partitioned forms are used in Eq. 6.14, we obtain
ng - rq, + rrPrgA r=12,---, L (616)
and
L+1
L+lgh — Ll 4 > L+LsP sga (6.17)
s=1
Partitioning transforms Eq. 6.15 into
rgh 4 rvA =7y + TPrvA y=1,2,-.. L (6.18)
and
L+1
L+lga 4 LtlyA = Ltly 4 z L+1,5P syA (6.19)

s=1
Suppose that Eq. 6.16 is premultiplied by 7= so that
e rgA = T7r rq, + rg P rgA
Since
T = TP
it follows that
=0 (6.20)

Becauseall statesin the 7th chain are recurrent, 7z contains all positive
elements. We know from our earlier discussion that all {; are greater
than or equal to zero. From Eq. 6.20 we see that, in any of the 7
groups ¥ = 1,2,.--, L, ¢; must be zero. It follows that in each re-
current chain of the policy B the decision in each state must be based
on value rather than gain.

Equations 6.16 thus become

rgA = 7P rgA (621)

We know that the solution of these equations is that all 7g;A = 7g4, so
that all states in the 7th group experience the same increase in gain as
the policy is changed from 4 to B. If this result is used in Eq. 6.18,
we find that

rgh = rry (6.22)
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Thus the increase in gain for each state in the 7th group is equal to
the vector of limiting state probabilities for the rth group times the
vector of increases in the value test quantity for that group. Since,
for each group 7 < L, 7{; = 0, theny; > 0. Equation 6.22 shows that
an increase in gain for each recurrent state of policy B will occur un-
less policies A and B are equivalent.

We have yet to determine whether or not the gain of the transient
states of policy B is increased. Equation 6.17 shows that

(L] — L+1L,LHIP)L+1gA — Ll + i L+1,5P sgA (6.23)

s=1

where L+1I is an identity matrix of the same size as the number of
states in the transient group L + 1. The change in gain of the transient
states is thus given by

L
L+lgA = (LH1] — L+1,L+1p)—1(z.+1q, + z L+1,5P sgA) (6.24)
s=1

In the appendix it is shown that (Z+1I — L+1,L+1P)-1 exists and has
no negative elements. We know that all {; are greater than or equal
to zero, that some elements of the matrices Z*1:sP for s = 1,2,---, L
are positive and that none are negative, and that the changes in gain
for the L recurrent groups cannot be negative. It follows that the
change in gain for all the transient states of group L + 1 cannot be
negative and will be positive if either or both of two conditions occur.
First, the gain of a transient state will increase if its probabilistic be-
havior is changed so that it is more likely to run into chains of higher
gain. Second, the gain of the transient state will increase if the gains
of the chains into which the transient state runs are increased.

Thus we have shown that under the iteration cycle of Fig. 6.1 the
gain of no state can decrease, and that the gain of some state must
increase unless equivalent policies exist. We have now to show that
the iteration cycle will find the policy that has highest gain in all states.
Suppose that policy B has higher gain in some state than policy 4,
but that the iteration cycle has converged on policy 4. It follows that
all ¢; < 0, and that, if ¢; = 0, then y; < 0. Equation 6.22 shows that
all 7gA are nonpositive, so that no recurrent state of policy B can have
a higher gain than the same state under policy 4. Since Eq. 6.24
shows that all L+1g;A are nonpositive, no transient state of policy B
can have a higher gain than the same state under policy 4. Conse-
quently, no state can have a higher gain under policy B than it has
under policy 4 and still have the iteration cycle converge on policy 4.

We have thus shown that the iteration cycle increases the gain of
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all states until it converges on the policy that has highest gain in all
states, the optimal policy.

The preceding discussion may be illustrated by means of the multi-
chain example of Table 6.1. Recall the case when the policy

3 00 1 3
d= |2 P=[0 10 q= 4
1 100 8

changed to the policy

N

by means of the policy-improvement routine of Table 6.4. The first
policy we have called policy A4, the second, policy B. From Table 6.4

we see that
0 0
$ = %] Y= |1
0 3

If the identity of states 3 and 1 is interchanged, we have

1100 0 H 1ga
PE= (170 0 $ =13 Y=l] 8A=ng
110 0 0 0

Thus L = 1, there is one recurrent chain, and 1P = [1]. We notice
that in the new state 1 (the old state 3) the decision was based on values
rather than gains. The limiting-state-probability vector for s = 1,
1x,is[1]. Hence from Eq. 6.22

o o

Since

we see from Eq. 6.24 that

2gA = 2 + 21P1gA = [

O e
—_
+
—
[S Gy
—_—
~
eo
d
]
—
®jee W
—_—

so that

o
B
Il
—_—
e LD e
[ R |
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If now the renumbering of states 1 and 3 is reversed, the vector g2 is
unchanged. Hence we find that, in going from policy 4 to policy B,
states 1 and 3 should have their gain increased by 2, while state 2
should have its gain increased by 3. Reference to the policy-evaluation
equations solved earlier for policies 4 and B shows that this was indeed
the case.

We have seen that the multichain sequential decision process may be
solved by a method extremely analogous to that for single-chain
processes. However, in most practical problems knowledge of the
process enables us to use the simpler single-chain approach.



The Sequential Decision Process

with Discounting

In many economic systems the cost of money is very important.
We might criticize the automobile replacement problem of Chapter 5,
for example, because a dollar of expenditure in the future was given as
much weight as a dollar spent at the present time. This chapter will
overcome such criticisms by extending our analysis of sequential decision
processes to the case in which discounting of future returns is important.

Consider a Markov process with rewards described by a transition-
probability matrix P and a reward matrix R. Let the quantity p be
defined as the value at the beginning of a transition interval of a unit
sum received at the end of the interval. It follows that the discount
factor § must be the reciprocal of 1 plus the interest rate that is appli-
cable to the time interval required for a transition. For a nonzero
interest rate, 0 < B < 1.

Let us suppose that 7;; in such processes is received at the beginning
of the transition from 7z to j. Then, if vi(») is defined as the present
value of the total expected reward for a system in state ¢ with # transi-
tions remaining before termination, we obtain

ww) = 2, pulr + posln = 1] i =1,2.-- N

n=1273,--- (7.1)
by analogy with Eqgs. 2.1. Once again we may use the set of expected
immediate rewards

N

gi = 2 puriy
j=1
76
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to obtain for the basic recurrence relation

N
vi(n) = qi + B puyvsn = 1)  i=12.--,N
=1
’ n=1,23.-- (12

Equations 7.2 may also be used to analyze processes where rewards
are received at the end of a transition rather than at the beginning.
All that is required is that we interpret g¢; as the expected present values
of the rewards received in the next transition out of state 7. In this
way we may use Egs. 7.2 to analyze situations where rewards are
distributed in some arbitrary fashion over the transition interval.

Furthermore, Eqs. 7.2 may be used to analyze processes where
discounting is not present but where there is uncertainty concerning the
duration of the process. To see this, let B be defined as the probability
that the process will continue to earn rewards after the next transition.
Then 1 — B is the probability that the process will stop at its present
stage. If the process receives no reward from stopping, then the Egs.
7.1 and 7.2 still describe the process. It will thus not be necessary
in the following to distinguish between processes with discounting and
processes with indefinite duration.

Let v(n) be the vector of total expected rewards and q be the vector
of expected immediate rewards. Equations 7.2 may be written as

vin + 1) = q + BPv(n) (7.3)

If the vector v(z) is defined as the z-transform of the vector v(n), then
by the techniques of Chapter 1, we may take the z-transform of Eq. 7.3
to obtain the matrix equation

#ifo(2) — v(0)) = 1= g + BPo(3)

Then
v(z) — v(0) = ¢ + BzPu(2)
(X = BP)ols) = 12— g + ¥(0)
and finally
o(e) = 7= (I — BzP)7iq + (I — BzP)~1v(0) (7.4)

We have thus found the z-transform of v(#). It is now possible to
find a closed-form expression for v(#) in any problem, so that it is not
necessary to rely on the recurrence relation (Eq. 7.3).
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Let us illustrate these results by applying them to the toymaker’s
problem of Table 3.1. Suppose that the toymaker is following the

policy N [}] p_ E J q= [_g]

He is not advertising and not conducting research. Suppose also that
for each week there is a probability of } that he will go completely out
of business before the next week starts. If he goes out of business, he
still receives his immediate rewards for the present week but receives
no other reward. The problem as stated fits our framework with
B = 4. We shall assume that v(0) = 0; therefore, if he does survive
for all # stages his business will have no value at that time.
For this problem, Eq. 7.4 becomes

es reh

v(z) = —— (I - B:P)1q

1 -2

or
v(z) = #(2)q

where we consider 5#(z) to be the z-transform of a response function
H(x). TFinally, v(n) = H(n)q.

We must first find
2

H() = 2 (- P
Since B = 4,
Lo _ |1 — %2 - 2
@ - 4P) = [ -1z 1 - —110-2]
and
1 — 352 1z
T-9P0-%) (-0~
(I — 3zP)1 =
iz 1 -}z
(1 =321 = 492) (1 - $2)(1 - 762)
Thus
2(1 — %2) 322
(1 =21 =321 - 562) (1 - 2)(1 - $2)(1 - 562)
H(z) =
12 (1 - §)

(1 -21-3)1-362) (1 -2 - 321 - 562)
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By partial-fraction expansion

L a1 [ -
H() = 17—|% 30| * 8 _10
1 Zlis 19 9 9

and

<

1

1
Since v(#) = H(n)q, the problem of finding v(#) has been solved for an

arbitrary q. For q = [ g]

% -2 _1o00
v = [ |+ @r 2] + @[ TE]

If the toymaker is in state 1 and has # possible stages remaining,
the present value of his expected rewards from the » stages is vi(n)
=138 — 2(3)» — 1%2(s%)". The corresponding quantity if he is in
state 2 is vp(n) = —%1% — 2(3)» + £§(&)». Note that v1(0) = v2(0)
= 0, as required. For v(0) = 0, Eqs. 7.2 show that v;(1) = 6 and
vg(l) = —3; these results are also confirmed by our solution. The
z-transform method is thus a straightforward way to find the present
value of the future rewards of a process at any stage.

We note that as #» becomes very large vi(n) approaches 43& and
va(n) approaches —%3. For a process with discounting, the expected
future reward does not grow with » as it did in the no-discounting case.
Indeed, the present value of future returns approaches a constant
value as # becomes very large. We shall have more to say of this
behavior.

The Sequential Decision Process with Discounting Solved by Value
Iteration

Just as we could use the value-iteration method to solve the sequential
decision process when discounting was not important, we may now use
it when discounting is important. We desire to find at each stage »
the alternative we should choose in each state to make vy(#), the present
value of future rewards, as large as possible. By analogy with the
recurrence equation (Eq. 3.3) of the no-discounting case, we obtain
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for the case where discounting is important the equation

viln + 1) = mkax[qik + sﬁpukw(m] (7.5)

In this equation v;(n) is defined as the present value of the rewards
from the remaining # stages if the system is now in state ¢ and if the
optimal selection of alternatives has been performed at each stage
through stage #. For each state, the alternative %2 that maximizes

N
gk + B Zl:ﬁu"vj(”)

is used as the decision for the sth state at stage #» + 1, or di(n + 1).
Since the v;(n) are known for stage =, all the quantities needed to
make the test at stage » + 1 are at hand. Once v(0) is specified, the
procedure can be carried through to any stage desired.

Let us work the toymaker example described by Table 3.1. We shall
assume that g = 0.9, so that either the toymaker has an interest rate
on his operation of 11.1 per cent per week or there is a probability 0.1
that he will go out of business in each week. The interest rate is
absurdly high, but it illustrates how such a problem is handled. If
transitions were made once a year, such an interest rate might be more
realistic.

The solution of this problem with use of Eq. 7.5 is shown in Table
7.1. Once more we assume that v;(0) = v2(0) = 0.

Table 7.1. SorLuTION OF TOYMAKER’S PROBLEM WITH DISCOUNTING
UsING VALUE ITERATION

"= 0 1 2 3 4
v1(n) 0 6 7.78 9.1362 10.461658
va(n) 0 -3 —-2.03 —0.6467 0.581197
di(n) — 1 2 2 2

da(n) — 1 2 2 2

As we shall soon prove, the total expected rewards vs(n) will increase
with # and approach the values vi(n) = 22.2 and vs(n) = 12.3 as »
becomes very large. The policy of the toymaker should be to use the
second alternative in each state if # > 1. Since we have seen how the
vy(n) approach asymptotic values for large #, we might ask if there is
any way we can by-pass the recurrence relation and develop a technique
that will yield directly the optimal policy for the system of very long
duration. The answer is that we do have such a procedure and that
it is completely analogous to the policy-iteration technique used for
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processes without discounting. Since the concept of gain has no
meaning when rewards are discounted, the optimal policy is the one
that produces the highest present value in all states. We shall now
describe the new forms that the value-determination operation and the
policy-improvement routine assume. We shall see that the sequential
decision process with discounting is as easy to solve as the completely
ergodic process without discounting. We need no longer be concerned
with the chain structure of the Markov process.

The Value-Determination Operation

Suppose that the system is operating under a given policy so that a
given Markov process with rewards has been specified. Then the
z-transform of v(%), the vector of present values of expected reward in
n stages, is given by Eq. 7.4 as

z

1)(z)=1—z

It was shown in Chapter 1 that (I — zP)-! could be written in the form
[1/(1 = 2)]S + J (2), where S is the matrix of limiting state probabilities
-and & (2) is the transformed matrix of components that fall to zero as »
becomes large. It follows that (I — BzP)~! can be written in the form
1
1 - Bz
and that J (Bz) now refers to components that fall to zero even faster

as »n grows large. Then Eq. 7.4 becomes

(X — BzP)"1q + (I — B2P)~1v(0) (7.4)

(I — gzP)-1 = S + T(82) (7.6)

z

o(z) = m[ﬁs + F(Bz)]q + [1 1 S+ F(ﬁz)]v(O) (7.7)

Let us investigate the behavior of Eq. 7.7 for large #. The coefficient
of v(0) represents terms that decay to zero, so that this term disappears.
The coefficient of q represents a step component that will remain
plus transient components that will vanish. By partial-fraction
expansion the step component has magnitude [1/(1 — B)IS + J (B).
Thus for large #, v(z) becomes {[1/(1 — 2)][1/(1 — B)]S + J (B)}q.

For large #, v(n) takes the form {{1/(1 — B)]S + J (8)}q. However,
{{1/(1 = B)IS + J(B)} is equal to (I — BP)~1, by Eq. 7.6. Therefore,
for large », v(n) approaches a limit, designated v, that is defined by

v = (I - gP)iq (7.8)

The vector v may be called the vector of present values, because each
of its elements v; is the present value of an infinite number of future
expected rewards discounted by the discount factor B.
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We may also derive Eq. 7.8 directly from Eq. 7.3:
v(n + 1) = q + BPv(n) (7.3)
If we write v(1), v(2), v(3),- - - in explicit form, we find
(1) = q + BPV(0)
v(2) = q + BPq + B?P2v(0)
(3) = q + BPq + B2P2q + BIP3V(0)

\4

<

The general form of these equations is

n—1
v(n) = [z (@P)f]q + BPrv(0)

=0

Since 0 € B < 1,

lim v(r) = > (BP)iq
n—>c0 i=0

Because P is a stochastic matrix, all of its eigenvalues are less
than or equal to 1 in magnitude. The matrix BP therefore has eigen-
values that are strictly less than 1 in magnitude because 0 < B < 1.

We may thus write z (BP)/ = (I — BP)~1 and obtain lim v(n) = v =

(I — BP)—1q, or Eq. 7 8

The present value of future rewards in each state is finite and equal
to the inverse of the (I — BP) matrix postmultiplied by the q vector.
Note for future reference that, since P is a matrix with nonnegative

e
elements, (I — P)~L = z (BP)7 must have nonnegative elements and,
i=0
moreover, must have numbers at least as great as 1 on the main diagonal.
This result is understandable from physical considerations because a q
with nonnegative elements must produce a v with nonnegative elements.
Since no rewards are negative, no present value can be negative.
We are now in a position to describe the value determination itself.
Because we are interested in the sequential decision process for large #,
we may substitute the present values v; = lim v;(%) for the quantities

v¢(n) in Eq. 7.2 to obtain the equations -
N
vi=gqi+ B> pw i=12---,N (7.9)
i=1

For a given set of transition probabilities p;; and expected immediate
rewards ¢;, we may use Egs. 7.9 to solve for the present values of the
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process. We are interested in the present values not only because they
are the quantities that we seek to maximize in the system but also
because they are the key to finding the optimal policy, as we shall see
when we discuss the policy-improvement routine.

Let us find the present values for 8 = } of the toymaker’s policy

defined by
b 6
= 2 =
Sl R

v1 =6+ 1 + Jve vg = —3 + 01 + 1ToV2

[0 poj=t

Equations 7.9 yield

The solution is v; = 338, v = —%%. These are the limiting values

for v1(n) and va(n) found earlier.
We shall now see how to use the present values for policy improve-
ment.

The Policy-Improvement Routine

The optimal policy is the one that has highest present values in all
states. If we had a policy that was optimal up to stage », according
to Eq 7.5 we should maximize

N
gi¥ + B Zlﬁif"vj(”)

with respect to all alternatives % in the 7th state. Since we are now deal-
ing only with processes that have a large number of stages, we may
substitute the present value v; for v;(s) in this expression. We must
now maximize

N
gi¥ + B pitv;
=1

with respect to all alternatives in the sth state.

Suppose that the present values for an arbitrary policy have been
determined. Then a better policy, one with higher present values in
every state, can be found by the following procedure, which we call
the policy-improvement routine.

For each ¢, find the alternative %2 that maximizes

N
gi* + B > pitv;
i=1

using the v; determined for the original policy. This 2 now becomes
the new decision in the sth state. A new policy has been determined
when this procedure has been performed for every state.

The policy-improvement routine can then be combined with the
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value-determination operation in the iteration cycle shown in Fig. 7.1.

Value- Determination Operation

Use py; and g; for given policy to solve the set of equations

e L :
w=g@ B Py i=12-N ]
7=1
for all present values v;.
Policy-Improvement Routine
For each state ¢, find the alternative &’ that maximizes
N
L g% + > pykv; P
j=1

using the present values v; from the previous policy. Then

k’ becomes the new decision in the ith state, ¢;¥’ becomes ¢;,

and Pi]'k, becomes py;.

Fig. 7.1. Iteration cycle for discrete decision processes with discounting.

The iteration cycle may be entered in either box. An initial policy may
be selected and the iteration begun with the value-determination opera-
tion, or an initial set of present values may be chosen and the iteration
started in the policy-improvement routine. If thereisnoa priori basisfor
choosing a close-to-optimal policy, then it is often convenient to start the
process in the policy-improvement routine with all v; set equal to zero.
The initial policy selected will then be the one that maximizes expected
immediate reward, a very satisfactory starting point in most cases.

The iteration cycle will be able to make policy improvements until
the policies on two successive iterations are identical. At this point it
has found the optimal policy, and the problem is completed. It will
be shown after the example of the next section that the policy-improve-
ment routine must increase or leave unchanged the present values of
every state and that it cannot converge on a nonoptimal policy.

An Example

Let us solve the toymaker’s problem that was solved by value
iteration earlier in this chapter. The data were given in Table 3.1,
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and as before § = 0.9. We seek the policy that the toymaker should
follow if his rewards are discounted and he is going to continue his
business indefinitely. The optimal policy is the one that maximizes the
present value of all his future rewards.

Let us choose as the initial policy the one that maximizes his
expected immediate reward. This is the policy formed by the first
alternative in each state, so that

1 05 0.5 6

d= [1] P = [0.4 0.6] 4= [—3]

Equations 7.7 of the value-determination operation yield
v1 = 6 + 0.9(0.5v; + 0.5v5) ve = —3 + 0.9(0.4v1 + 0.6v3)

The solutionisv; = 15.5,v5 = 5.6. The policy-improvement routine
is now used as shown in Table 7.2.

Table 7.2. FIRsT Poricy IMPROVEMENT FOR TOYMAKER’S PROBLEM
WITH DISCOUNTING

State Alternative Value Test Quantity
N
) k qi* + qukvj
i=1
1 1 6 + 0.9[0.5(15.5) + 0.5(5.6)] = 15.5
2 4 + 0.9[0.8(15.5) + 0.2(5.6)] = 16.2
2 1 —3 + 0.9(0.4(15.5) + 0.6(5.6)] = 5.6
2 —5 4 0.9[0.7(15.5) + 0.3(5.6)] = 6.3«

The second alternative in each state provides a better policy, so that now

2 0.8 0.2 4
4= [2] P= [0.7 0.3] 1= [—s]
The value-determination operation for this policy provides the
equations

v = 4 + 0.9(0.8'01 + 0.21)2) vy = —5 + 0.9(0.7‘01 + 0.3‘02)

From these equations we find v; = 22.2, vg = 12.3.

Notice that there has been a significant increase in present values in
both states. The policy-improvement routine must be used once more
as we see in Table 7.3.

The policy-improvement routine has found the same policy that it did
in the previous iteration, so that this policy must be optimal. The
second alternative in each state should be used if the present values of
both states are to be maximized. The toymaker should advertise and
do research even if faced by the 11.1 per cent interest rate per week.
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Table 7.3. SecoND Povricy IMPROVEMENT FOR TOYMAKER’S PROBLEM
WITH DISCOUNTING

State Alternative Value Test Quantity
N
i k gi* + B > puy;
i=1
1 1 21.5
2 222«
2 1 11.6
2 12.3«

The present values of the two states under the optimal policy are 22.2
and 12.3, respectively; these present values must be higher than those

of any other policy. The reader should check the policies d = [;]

and d = [ﬂ to make sure that this is the case.

We have seen that if the discount factor is 0.9 the optimal no-
discounting policy found in Chapter 4 is still optimal for the toymaker.
We shall say more about how the discount factor affects the optimal
policy after we prove the properties of the iteration cycle.

Proof of the Properties of the Iteration Cycle

Consider a policy 4 and its successor policy B produced by the
policy-improvement routine. Since B was generated from 4, it follows
that

N N
gif + B> puBud > gt + B D pitvA (7.10)
j=1 i=1
in every state <. We also know for the policies taken individually that
N
vid = gt + B D pidvA (7.11)
ji=1
N
viB = giB + B D piBu;B (7.12)
i=1

Let
N N
Yi = qif + B D piPud — git — B D pisto;A
i=1 i=1

Thus v; is the improvement in the test quantity that the policy-improve-
ment routine was able to achieve in the ¢th state; from the preceding
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definition, vy; > 0. If we subtract Eq. 7.11 from Eq. 7.12, we obtain

N N
viB — vt = ¢iB — gt + BD PPy — B D putuA
ji=1 j=1

N N N
=i — B> piuPuit + B D pitvt + B D piPuiB
j=1 =1 =1
7 J J N
— B> pitvt
=1
If v& = v;B — v;4, the increase in present value in the sth state, then

N
vd = yi + B2 piPust
=1

This set of equations has the same form as our original present-value
equations (Eq. 7.9), but it is written in terms of the sncrease in present
values. We know that the solution in vector form is

va = [I — BPE]-ly (7.14)

where y is the vector with components y;. It was shown earlier that
[I — BPE]-1 has nonnegative elements and has values of at least 1 on the
main diagonal. Hence, if any y; > 0, at least one v;2 must be greater
than zero, and no v;2 can be less than zero. Therefore, the policy-
improvement routine must increase the present values of at least one
state and cannot decrease the present values of any state.

Is it possible for the routine to converge on policy A when policy B
produces a higher present value in some state? No, because if the
policy-improvement routine converges on 4, then all y; < 0, and hence,
all v;# < 0. It follows that when the policy-improvement routine has
converged on a policy no other policy can have higher present values.

The Sensitivity of the Optimal Policy to the Discount Factor

The taxicab problem discussed in Chapter 5 was solved for discount
factors B ranging from 0 to 0.95 with intervals of 0.05. In this example,
1—B might be considered to be the probability that the driver’s cab
will break down before his next trip. The optimal policy and present
values for each situation are shown in Table 7.4. We see that, although
the present values change as B increases, the optimal policy changes
only as we pass certain critical values of . More detailed calculation
reveals that these critical values of B are approximately 0.13, 0.53, and
0.77. The solution for the optimal policy for different values of §
is shown in Fig. 7.2. For B between 0 and 0.13, the first alternative in
each state is the optimal policy; the driver should cruise in every town.
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Table 7.4. OpTiMAL PoLicy AND PRESENT VALUES FOR THE TAXICAB
PROBLEM As A FUNCTION OF THE DISCOUNT FACTOR 8

Optimal Policy Decisions

Present Values

8 State1 State2 State3 State1 State2 State3
0 1 1 1 8.00 16.00 7.00
0.05 1 1 1 8.51 16.40 7.50
0.10 1 1 1 9.08 16.86 8.05
0.15 1 2 1 9.71 17.46 8.67
0.20 1 2 1 1044 1848 9.38
0.25 1 2 1 11.27  19.63 10.21
0.30 1 2 1 12.24 2093 11.16
0.35 1 2 1 13.38 2243 12.28
0.40 1 2 1 1472 2417 13.61
0.45 1 2 1 16.33  26.21 15.21
0.50 1 2 1 18.30  28.64 17.16
0.55 1 2 2 20.79  31.61 19.83
0.60 1 2 2 24.03  35.33 23.46
0.65 1 2 2 28.28  40.10 28.13
0.70 1 2 2 3406 46.44  34.37
0.75 1 2 2 4232  55.29 43.11
0.80 2 2 2 55.08 68.56 56.27
0.85 2 2 2 77.25  90.81 78.43
0.90 2 2 2 121.65 135.31 122.84
0.95 2 2 2 255.02 268.76  256.20
Region Region Region Region
I II 111 v
Optimal Optimal Optimal Optimal
Policy Policy Policy Policy

-

-}

f

-}

0 0.13

0.77

1.0

Fig. 7.2. Optimal policy as a function of discount factor for taxicab problem.

For B > 0.77, the second alternative in each state is the optimal
policy; the driver should always proceed to the nearest stand. In
Region I, the policy that maximizes expected immediate reward is

optimal; in Region IV, the no-discounting policy is best.

An inter-

mediate policy should be followed in Regions IT and III.
The behavior first described enables us to draw several conclusions
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about the place of processes with discounting in the analysis of sequen-
tial decision processes. First, even if the no-discounting process
described earlier is the preferred model of the system, the present
analysis will tell us how large the discounting element of the problem
must be before the no-discounting solution is no longer applicable.
Second, one criticism of a model that includes discounting is the
frequent difficulty of determining what the appropriate discount rate
should be. Figure 7.2 shows us that if the uncertainty about the
discount rate spans only one of our regions, the same policy will be
optimal, and the exact discount rate will affect only the present values.
Third, because it becomes increasingly difficult to solve the process
using discounting when B is near 1, in such a situation we are better
advised to solve the problem for the optimal policy without discounting.

The Automobile Problem with Discounting

The automobile replacement problem discussed in Chapter 5 was
solved using a discount factor § = 0.97. This discount factor corre-
sponds to an annual interest rate of approximately 12 per cent, a fairly
realistic cost of money for the average car purchaser. Recall that the
optimal no-discounting policy was found in seven iterations and that
it was to buy a 3-year-old car and keep it until it was 6} years old.
The optimal policy with discounting was found in nine iterations; it is
to buy a 3-year-old car and trade it when it is 6} years old. The
optimal no-discounting and discounting policies are very similar—
if the 3 to 6% policy is evaluated with a discount factor g = 0.97, its
present values differ negligibly from those of the 3 to 6% policy. This
result emphasizes the point made above that the no-discounting policy
is often adequate for relatively low interest rates.

The present values of the optimal policy with discounting are of
interest ; they are presented in Table 7.5, along with the decision in
each state. Note that if we have a car less than 1 year old we should
trade it for a 3-year-old car. The present values are negative be-
cause they represent a discounted stream of future costs. The present
value of a 1-year-old car is — $4332, while the present value of a
4-year-old car is — $4946. These figures tell us that if we have a
4-year-old car we should depart from our optimal 3 to 6§ policy if
we can trade it for a 1-year-old car and pay less than (— $4332)
— (— $4946) = $614. In the no-discounting case the corresponding
quantity was $730, so that we were somewhat more willing to make such
a trade when the cost of money was not important.

An interesting business opportunity is presented by Table 7.5. It
appears that for a cash deposit of about $5000 some entrepreneur
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Table 7.5. OpTIMAL PoLicy AND PRESENT VALUES OF AUTOMOBILE
REPLACEMENT PROBLEM FOR Di1ScOUNT FacToRr 8 = 0.97

State: Age of Car in
Quarterly Periods

Decision

Present Value

Trade for 12-period car
Trade for 12-period car
Trade for 12-period car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Keep present car
Trade for 12-period car
Trade for 12-period car
Trade for 12-period car
Trade for 12-period car
Trade for 12-period car
Trade for 12-period car
Trade for 12-period car
Trade for 12-period car
Trade for 12-period car
Trade for 12-period car
Trade for 12-period car
Trade for 12-period car
Trade for 12-period car
Trade for 12-period car

— $3925
— $4045
— $4155
— $4332
— $4398
— $4462
— $4523
— $4581
— $4635
— $4688
— $4738
— $4785
— $4829
— $4870
— $4909
— $4946
— $4979
— $5011
— $5041
— $5069
— $5096
— $5121
— $5145
— $5167
— $5186
— $5202
— $5215
— $5225
— $5235
— $5240
— $5245
— $5250
— $5255
— $5265
— $5270
— $5275
— $5280
— $5290
— $5298
— $5305

should be willing to supply us with the use of a car between 3 and 63
years old forever. In order to make the deal more appealing to him,
we might make the deposit $6000 and allow him some profit. How
unusual it would be to pay for a lifetime of car ownership in advance
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rather than by an unending stream of time payments and gasoline
bills.

Summary

The solution of sequential decision processes is of the same order of
difficulty whether or not discounting is introduced. In either case it is
necessary to solve repeatedly a set of linear simultaneous equations.
Each solution is followed by a set of comparisons to discover an im-
proved policy; convergence on the optimal policy is assured. Dis-
counting is useful when the cost of money is important or when there is
uncertainty concerning the duration of the process.



The Continuous-Time

Decision Process

In the previous chapters we have been discussing Markov processes
that make state transitions at discrete, uniformly spaced intervals of
time. In this chapter we shall extend our previous work to the case
in which the process may make transitions at random time intervals.

The Continuous-Time Markov Process

The first problem we face is how to describe an N-state process whose
time between transitions is random. Reflection shows that the sig-
nificant parameters of the process must be transition rates rather than
transition probabilities. Let us call a;; the transition rate of a process
from state ¢ to state 7, forz # 5. The quantity as; is defined as follows:
In a short time interval d¢, a process that is now in state ¢ will make a
transition to state 7 with probability a;; d¢ (z # 7). The probability of
two or more state transitions is of the order of (4¢)2 or higher and is
assumed to be zero if d¢ is taken sufficiently small. The correspondence
between this definition and the assumptions of the Poisson process
should be clear. We shall consider only those processes for which the
transition rates a;; are constants, an assumption equivalent in the dis-
crete-time case to the assumption that the transition probabilities do
not change with time. We may now describe the continuous-time
Markov process by a transition-rate matrix A with components ag;
the diagonal elements have not yet been defined.

The probability that the system occupies state z at a time ¢ after the
start of the process is the state probability =;(f) by analogy with ms(#).

92
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We may relate the state probabilities at time ¢ to those a short time
dt later by the equations

it + df) = w0 [1 ~ S ay dt] + Smagdt  j=1,2--,N (8.1
%] i#

There are two mutually exclusive ways in which the system can

occupy the state j at ¢ + df. First, it could have been in state 7 at time

¢ and made no transitions during the interval df. These events have

probability =;(f) and 1 — Z aj; dt, respectively, because we have said

i#]

that the probability of multiple transitions is of order higher than
and is negligible, and because the probability of making no transition
in d¢ is 1 minus the probability of making a transition in df to some
state ¢ # ;. The second way the system could be in state 5 at ¢ + df
is to have been at state ¢ # 5 at time ¢ and to have made a transition
from 7 to state ;j during the time df. These events have probabilities
mi(f) and ay; dt, respectively. The probabilities must be multiplied
and added over all 7 that are not equal to j because the system could
have entered ; from any other state <. Thus we see how Eq. 8.1 was
obtained.

Let us define the diagonal elements of the A matrix by
ay= - 3 ay 82)
1]
If Eq. 8.2is used in Eq. 8.1, we have

it + dt) = ;@)1 + ay; dt] + Z wi(F)as; dt
i#]
or

N
mi(t + df) — m(t Z t)ai; dt

Upon dividing both sides of this equation by 4¢ and taking the limit
as dt — 0, we have

N

ditnj(t) = gl m(t)a,-j 1= 1, 2, ey, N (83)
Equations 8.3 are a set of N linear constant-coefficient differential
equations that relate the state probabilities to the transition-rate
matrix A. The initial conditions w;(0) for 2z = 1,2,---, N must be

specified if a solution is to be obtained.
We see that the transition-rate matrix A for continuous-time proc-
esses plays the same central role that the transition-probability matrix
P played for discrete-time processes. However, we now have a set of
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differential equations (Eqgs. 8.3) rather than a set of difference equations
(Egs. 1.2). In matrix form we may write Egs. 8.3 as

diltn(t) — n()A (8:4)

where 7t(f) is the vector of state probabilities at time . The matrix
A is of itself interesting. The off-diagonal elements of A are given by
the transition rates of the process. The diagonal elements of A are
given by Eq. 8.2. As a result the rows of A sum to zero, or

N
z aij = 0
=1

As mentioned earlier, a matrix whose rows sum to zero is called a
differential matrix. As we shall see, the differential matrix A is a
very close relative of the stochastic matrix P.

In the following section we shall discuss the use of Laplace transforms
in the solution of continuous-time Markov processes described by Eq.
8.4. Weshall find that our knowledge of discrete-time Markov processes
will be most helpful in our new work.

The Solution of Continuous-Time Markov Processes by Laplace Trans-
formation

The Laplace transform of a time function f(¢) which is zero for £ < 0
is defined by

§s) = f "f(t)esat (8.5)

The Laplace transform exists for any such time function that does
not grow faster than exponentially. Consider, for example, the
function f(f) = eetfort > Oand f(f) = Oforf < 0. Using Eq. 8.5, we
find

© =3} 1
= —atg—stf — —(st+a)t —
£(s) L e—ate=stdy J; e TTa
Table 8.1 shows some typical time functions and their corresponding
Laplace transforms derived using Eq. 8.5.

The properties of Laplace transforms are widely known and are
thoroughly discussed in such references as Gardner and Barnes.2 The
Laplace transform of a time function is unique; there is a one-to-one
correspondence between the time function and its Laplace trans-
formation. These transforms are particularly suited to the analysis
of systems that can be described by linear constant-coefficient differ-
ential equations.
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Table 8.1. LAPLACE TRANSFORM PAIRS

Time Function for £ > 0 Laplace Transform
f@) £(s)
A@) + fol?) f1(s) + fa(s)
Rf(2) (k is a constant) kf (s)
2 s A1) = £(0)
e—at 1

s+ a

1 (unit step) %

—a 1
o T an

. 1

t (unit ramp) =
e~%tf (1) £(s + a)

The continuous-time Markov process is described by Eq. 8.4, so we
should expect Laplace transformations to be useful in the solution of
such a process. Let us designate by II(s) the Laplace transform of
the state-probability vector w(f). The Laplace transform of any
matrix of time functions is the matrix of the Laplace transforms of the
individual time functions. If we take the Laplace transform of Eq. 8.4,
we obtain

sII(s) — =(0) = II(s)A
or
II(s)(sI — A) = =(0)
where I is the identity matrix. Finally, we have
II(s) = =(0)(sI — A)-! (8.6)

The Laplace transform of the state-probability vector is thus the
initial-state-probability vector postmultiplied by the inverse of the
matrix (sI — A). The matrix (sI — A)-1 is the continuous-process
counterpart of the matrix (I — zP)~1. We shall find that it has proper-
ties analogous to those of (I — zP)~! and that it constitutes a complete
solution of the continuous-time Markov process.

By inspection, we see that the solution of Eq. 8.4 is

ne(f) = m(0)eAt (8.7)

where the matrix function eAt is to be interpreted as the exponential
series

EA2+£

I+tA+2! 31

A3 4+ ...
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which will converge to eAt. For discrete processes, Eqs. 1.4 yielded
ni(n) = 7w(0)P» n=2012--- (1.4)

Suppose that we wish to find the matrix A for the continuous-time
process that will have the same state probabilities as the discrete
process described by P at the times ¢ = 0, 1, 2,- - -, where a unit of
time is defined as the time for one transition of the discrete process.
Then, by comparison of Eqgs. 8.7 and 1.4 when ¢ = #, we see that

eA =P
or
A=InP (8.8)

Recall the toymaker’s initial policy, for which the transition-proba-
bility matrix was
11
p-[f 1]
5 5

Suppose that we should like to find the continuous process that will
have the same state probabilities at the end of each week for an
arbitrary starting position. Then we would have to solve Eq. 8.8
to find the matrix A. Methods for accomplishing this exist,4 and if we
apply them to the toymaker’s P we find

In10 -5 5

S

Since the constant factor (In 10)/9 is annoying from the point of view of
calculation, we may as well solve a problem that is analogous to the
toymaker’s problem but that is not encumbered by the constants
necessary for complete correspondence in the sense just described. We
shall let A be simply

-5 5

A= [ S ] (8.9)

Since we are abandoning complete correspondence, we may as well
treat ourselves to a change in problem interpretations at the same time.
We shall call this new problem ‘“the foreman’s dilemma.” A machine-
shop foreman has a cantankerous machine that may be either working
(state 1) or not working (state 2). If it is working, there is a probability
5 dt that it will break down in a short interval d¢; if it is not working,
there is a probability 4 df that it will be repaired in 4¢. We thus
obtain the transition-rate matrix (Eq. 8.9). The assumptions regarding

breakdown and repair are equivalent to saying that the operating time
between breakdowns is exponentially distributed with mean %, while



SOLUTION BY LAPLACE TRANSFORMATION 97

the time required for repair is exponentially distributed with mean %.
If we take 1 hour as our time unit, we expect a breakdown to occur
after 12 minutes of operation, and we expect a repair to take 15 minutes.
The standard deviation of operating and repair times is also equal to
12 and 15, respectively.

For the foreman’s problem we would like to find, for example, the
probability that the machine will be operating at time ¢ if it is operating
when £ = 0. To answer such a question, we must apply the analysis
of Eq. 8.6 to the matrix (Eq. 8.9). We find

i _[s+5 -5
1 A—_—4~ s+4]
[ s + 4 5

s(s +9) s(s +9)

(sT — A)1
4 s+ 5
| s(s + 9) s(s +9)

Partial-fraction expansion permits

I
sts¥09 sTs+9

sI — A1 =

R PR
_§+s+9 §+s+9

or

(sI — A)-1 %[

o o

§, 1[5 -3
sl

Let the matrix H(¢) be the inverse transform of (sI — A)~1. Then
Eq. 8.6 becomes by means of inverse transformation

n(t) = w(0)H() (8.10)
By comparing Eqs. 8.7 and 8.10, we see that H(f) is a closed-form

expression for eAt,
-
—9¢
9 9

For the foreman example,

The state-probability vector n(f) may be obtained by postmultiplying
the initial-state-probability vector =(f) by the matrix H(f). If the
machine is operating at ¢ = 0, so that =(0) = [1 0], then =(f) =
[ 81+ e®F —8) or m(f) =% + §e7%, mf) = § — §e . Both
w1(¢) and m2(f) have a constant term plus an exponentially decaying

4

He) - 3

.9

©jen ©fen
N
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term. The constant termrepresents the limiting state probability as ¢
becomes very large. Thus the probability that the machine is operating,
m1(#), falls exponentially from 1 to § as ¢ increases. The time constant
for this exponential decay is 3.

Similarly, if the machine is not working at £ = 0, =(0) = [0 1],
and m(t) = [§ §) + e[ —% %], s0that ma(t) = § — %%, ma(t) =5 +
$e79%. Note that the probability that the machine is working rises
exponentially from 0 to its steady-state value of § as ¢ becomes large.
The limiting state probabilities of the process are § and § for states
1 and 2, respectively. They are independent of the state of the system
at¢ = 0.

The similarity between the discrete-time and continuous-time Markov
processes is now apparent. Both have limiting state probabilities and
transient components of probability. The transients in the discrete
case were geometric; in the continuous case they are exponential. The
matrix (sI — A)~1 will always have one term of the form 1/s times a
stochastic matrix S. This is true because s is a factor of the determinant
of (sI — A); a differential matrix always has one characteristic value
that equals zero. The stochastic matrix S is the matrix of limiting-
state-probability vectors, as it was in the discrete case. The sth row
of S is the limiting-state-probability vector of the process if it is started
in the sth state. The remarks concerning recurrent chains still apply
in the continuous-time process.

The remaining terms of (sI — A)~! represent transient components
of the form e—a¢, te—2¢, and so on, that vanish for large . The matrices
multiplying these components are themselves differential matrices.
We may call J (s) the transient part of (sI — A)~! and write

(sI — A)1 = %s + Ts) 8.11)
or
H) = S + T() (8.12)

where S is the stochastic matrix of limiting state probabilities and

T(f) contains the transient components of probability. For the fore-
man’s problem

4 5 5 _s

s=[3 3] mo-e=[ 7]

9 9 —9 9

The rows of S are identical because the process is completely ergodic.

It is not necessary to find (sI — A)~1if only the limiting state proba-

bilities are required. Suppose that the process is completely ergodic.
Since the limiting state probabilities are constants, we know that
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dr(t)/dt = 0 for large ¢. If we denote the limiting-state-probability
vector by =, then Eq. 8.4 becomes

0=mA (8.13)
This set of simultaneous equations plus the requirement
N
Z =1 (8.14)
i=1

is sufficient to determine the limiting state probabilities. For the
matrix A (Eq. 8.9) we have from Eq. 8.13

—571:1+4TC2=0 57:1—4TC2=0
and from Eq. 8.14
w1+ e =1

The solution of these equations is m; = §, w2 = §, in accordance

with our earlier results.

If

The Continuous-Time Markov Process with Rewards

Just as the notion of continuous time made us think in terms of
transition rates rather than transition probabilities, so we must redefine
the concept of reward. Let us suppose that the system earns a reward
at the rate of 74 dollars per unit time during all the time that it occupies
state . Suppose further that when the system makes a transition from
state ¢ to state j (¢ # j) it receives a reward of 7;; dollars. (Note that
7;i and 75 have different dimensions.) It is not necessary that the
system earn according to both reward rates and transition rewards, but
these definitions give us generality.

We are interested in the expected earnings of the system if it operates
for a time ¢ with a given initial condition. If we let v;(¢) be the expected
total reward that the system will earn in a time ¢ if it starts in state 7,
then we can relate the total expected reward in a time ¢ + 4¢, vs(¢ + d¢),
to vi(f) by Eq. 8.15. Here d¢ represents, as before, a very short time
interval :

vit + dt) = ( 1 -2 ay dt)[m dt + vi(t)] + > aw dtfry + vs(t)] (8.15)
J#i j#i

Equation 8.15 may be interpreted as follows. During the time
interval dt¢ the system may remain in state z or make a transition to
some other state . If it remains in state ¢ for a time dt, it will earn a
reward 7;; dt plus the expected reward that it will earn in the remaining
¢ units of time, v;(f). The probability that it remains in state ¢ for a
time d¢ is 1 minus the probability that it makes a transition in 4¢, or
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1 - Z aisdt. On the other hand, the system may make a transition
J#i
to some state j # ¢ during the time interval d¢ with probability a;; dt.
In this case the system would receive the reward 7;; plus the expected
reward to be made if it starts in state y with time ¢ remaining, v;(f). The
product of probability and reward must then be summed over all
states 7 # ¢ to obtain the total contribution to the expected values.
Using Eq. 8.2, we may write Eq. 8.15 as

vt + db) = (1 + audt)[ru dt + vilt)] + 2 ag dtfry + v5(f)]

Jj#i
or
‘l)t(t + dt) = 7y dt + 'Ui(t) + aiivi(t) at + Z aij¥ij dt + Z a,-jvj(t) dt
iEi i

where terms of higher order than d¢ have been neglected. Finally, if
we subtract vg(f) from both sides of the equation and divide by dt, we
have

vi(t + dt) — vi(?)

= ¥i; + Z az_'ﬁ';] + Z a;j'l)]
dt i

If we take the limit as d¢ — 0, we obtain

a .
—tﬁ 'Ui(t) = Yu + J;aiﬂ’zj + 2 a'zﬂ)j 1 = 1, 2’. <., N

We now have a set of N linear constant-coefficient differential
equations that completely define v;(f) when the v;(0) are known. Let
us define a quantity ¢; as the “earning rate” of the system where

qi = 74 + Z A4i735 (8.16)
j#i
In the foreman’s problem, for example, the machine might have
earning ratesq; = 6,92 = —3. These earning rates could be composed
of many different combinations of reward rates and transition rewards.
Thus, if the reward rate in state 1 is $6 per unit time, the reward rate
in state 2 is — $3 per unit time, and there is no reward associated with
transitions, then 711 = 6, 722 = —3, 712 = 721 = 0, and we obtain the
earning rates just mentioned. In a later section we consider the g;
to be obtained partly from transition rewards, but for the moment it
makes no difference.
With use of the definition of earning rate, our equations become

d N
S0 = ¢ + ,Zl a)  +=1,2,---,N (8.17)
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Equations 8.17 are a set of linear, constant-coefficient differential
equations that relate the total reward in time ¢ from a start in state ¢
to the quantities ¢; and a;;. If v(¢) is designated as the column vector
with elements v;(¢), the total expected rewards, and if q is designated
as the earning-rate vector with components ¢;, then Eqs. 8.17 can be
written in matrix form as

%v(t) — q + Av() (8.18)

To obtain a solution to Eq. 8.18, we must of course specify v(0).
Since Eq. 8.18 is a linear constant-coefficient differential equation,
the Laplace transform should provide a useful method of solution.
If the Laplace transform of Eq. 8.18 is taken according to Table 8.1,
we have

so(s) — v(0) = %q + Av(s)
or
(ST — Ajo(s) = 1 + v(0)

and finally
o(s) = (T — A)Iq + (ST — A)-1v(0) (8.19)
Thus we find that Eq. 8.19 relates v(s), the Laplace transform of
v(f), to (sI — A)~1, the earning-rate vector q and the termination-
reward vector v(0), respectively. The reward vector v(f) may be found
by inverse transformation of Eq. 8.19.

Let us apply the result (Eq. 8.19) to the foreman’s problem. The
transition-rate matrix and reward vector are

-5 5 6
A= =
I R
We shall assume that the machine will be thrown away at ¢ = 0, so that
v1(0) = v2(0) = 0. We found earlier that for this problem

s+ 4 5
s(s +9) s(s +9)

(sI — A)1 =
4 s+ 5
s(s +9) s(s +9)
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To use Eq. 8.19, we must find (1/s)(sI — A)~1. Thisis

s + 4 5
1 s2(s + 9) s%(s + 9)
Z(sI— A =
s 4 s+ 5

s2(s + 9) s2(s + 9)

Using partial-fraction expansion, we obtain

$LE, -k 3, -k, &
Lt A 2t Ss t5xo 2t T
S 4 _4 Y 5 4 _.4
ST S Tire @S Tiwe

ojon ol

s
_IfE R L1 K -H], L [ &
ot HH R I R R
Thus, since V(s) = (1/s)(sI — A)~1q, by inverse transformation

$ [ sr —®1 o] —3r X 6
KORRU I I A Il A
9 81 81 81 81

o=l [+

The total expected reward in time ¢ if the system is started in state 1
is thus

©len ©ojen

or

nl) =t + 2 - %e—s"
and if started in state 2 is
vat) =t — § + 5%

Note that regardless of the starting state the machine will earn, on the
average, $1 per unit time when ¢ is large because the coefficient of ¢
in both v;(f) and v2(#) is 1. The average reward per unit time for a
system is called the gain of the system by analogy with the discrete-
time case. As before, the gain will depend upon the starting state if the
system is not completely ergodic. We also see that for large ¢, vi(¢)
and vz(f) may be written in the form v;(f) = gi¢f + v;; in the above case,
v1 = §, v2 = —%. Let us prove that this relation holds for a general
continuous-time Markov process.

Equation 8.19 is

v(s) = %( I— Al + (sI — A)1v(0) (8.19)
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We know from Eq. 8.11 that

(I — A)1 = %s + () (8.11)

where S is the matrix of limiting state probabilities and J (s) consists of
transforms of purely transient components. If Eq. 8.11 is substituted
into Eq. 8.19, we have

o(s) = % E S + .7(3)]q + E S + f(s)]v(O)

or

ols) = % Sq + 170+ _1 Sv(0) + T()v(0)  (8.20)

We shall investigate the behavior of v(f) for large ¢ by determining the
behavior of each component of Eq. 8.20. The term (1/s2)Sq represents
a ramp of magnitude Sq. The second term (1/s)J (s)q refers to both
step and exponential transient components. The transient components
vanish for large ¢; the step component has magnitude J (0)q. The
term (1/s)Sv(0) represents a step of magnitude Sv(0); the term J (s)v(0)
refers to transient components that vanish for large ¢.

Thus when ¢ is large, v(¢) has the form

v(t) = t8q + 7 (0)q + Sv(0) (8.21)
If a vector g of state gains g; is defined by
g=9Yq (8.22)
and if a vector v with components v; is defined by
v = 7 (0)q + Sv(0) (8.23)
then Eq. 8.21 becomes
vit) =tg + v for large ¢ (8.24)
or
vi(f) = tgi + vi for large ¢ (8.25)

We see that the total expected reward in time £ for a continuous-time
system started in state ¢ has the same form as the corresponding
quantity in the discrete-time case (Eq. 2.15) except that » has been
replaced by ¢. For the foreman’s problem,

114 § 1
%%]+s+9[—
1

=§S+.7(s)

(sT — A1 =

O ©ojen
S oo

I
ol
Lovvamsen
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so that

|t}

| so-[ 48

— 381

w
I
—
o O ok
ol ojen

In addition, q = [_3]. From Eq. 8.22, we have g = Sq = [l],

1

Therefore by Eq. 8.25, it follows that for large ¢ we may write v1(f)
and vz(#) in the form

w) =t+§  valf) =t—3%
These expressions agree with those found previously.

We have now completed our analysis of the continuous-time Markov
process with given earning rates in each state. The reader should
compare the results of the foreman’s problem analyzed in this section
with those found for the analogous toymaker’s problem in order to
understand clearly the similarities and differences of discrete and
continuous-time Markov processes. We shall now turn to a study of the
continuous-time decision problem.

and from Eq. 8.23, since v(0) = 0, we have v = 7 (0)q = [

O ©lon

The Continuous-Time Decision Problem

Suppose that our machine shop foreman has to decide upon a main-
tenance and repair policy for the machinery. When the system is in
state 1, or working, the foreman must decide what kind of maintenance
he will use. Let us suppose that if he uses normal maintenance pro-
cedures the facility will earn $6 per unit time and will have a probability
5 dt of breaking down in a short time d¢. Note that this is equivalent
to saying that the length of operating intervals of the machine is
exponentially distributed with mean .

The foreman also has the option of a more expensive maintenance
procedure that will reduce earnings to $4 per unit time but will also
reduce the probability of a breakdown in df to 2d¢. Under neither of
these maintenance schemes is there a cost associated with the break-
down per se. If we number the two alternatives in state 1 as 1 and 2,
respectively, then we have for the first alternative

aiz! =5 rul =6 ri2l = 0
and for the second alternative
a1p? = i’ =4 7122 = 0
Finally, we obtain by using Eq. 8.16 that
g1t =6 and ¢12=4
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Now we must consider what can happen when the machinery is not
working and the system occupies state 2. Let us suppose that the
foreman also has two alternatives in this state. First, he may have the
repair work done by his own men. For this alternative the repair will
cost $1 per unit time that the men are working, plus $0.50 fixed charge
per breakdown, and there is a probability 4 d¢ that the machine will
be repaired in a short time df (repair time is exponential with mean %).
The parameters of this alternative are thus

agl = 4 7’221 = -1 7’211 = —0.5
and using Eq. 8.16, we have
gl = —1 + 4)(-0.5) = -3

The second alternative for the supervisor when the machine is not
working is to use an outside repair firm. For this alternative the fixed
charge per breakdown is the same, $0.50. However, these men will
cost $1.50 per unit time, but will increase the probability of a repair in
dt to 7 dt. Thus, for this alternative

az? = 7902 = —1.5 r212 = —0.5
and
ge2 = —1.5 +7(=-0.5) = -5
The foreman must decide which alternative to use in each state in

order to maximize his profits in the long run. The data for the problem
are summarized in Table 8.2.

Table 8.2. THE FOREMAN’s DILEMMA

State Alternative Transition Rate Earning Rate
i k ag® azk g
1 (Facility 1 (Normal maintenance) -5 5 6
operating) 2 (Expensive maintenance) -2 2 4
2 (Facility 1 (Inside repair) 4 -4 -3
out of order) 2 (Outside repair) 7 -7 -5

The concepts of alternative, decision, and policy carry over from the
discrete situation. Since each of the four possible policies contained
in Table 8.2 represents a completely ergodic process, each has a unique
gain that is independent of the starting state of the system. The
foreman would like to find the policy that has highest gain; this is the
optimal policy.

One way to find the optimal policy is to find the gain for each of the
four policies and see which gain is largest. Although this is feasible
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for small problems, it is not feasible for problems that have many
states and many alternatives in each state.

Note also that the value-iteration method available for discrete-time
processes is no longer practical in the continuous-time case. It is not
possible to use simple recursive relations that will lead ultimately to the
optimal policy because we are now dealing with differential rather than
difference equations.

A policy-iteration method has been developed for the solution of the
long-duration continuous-time decision problem. It is in all major
respects completely analogous to the procedure used in discrete-time
processes. As before, the heart of the procedure is an iteration cycle
composed of a value-determination operation and a policy-improvement
routine. We shall now discuss each section in detail.

The Value-Determination Operation

For a given policy the total expected reward of the system in time
t is governed by Egs. 8.17

d il .
= vill) = g +j;ai,-v,~(t) i=1,2,---,N (8.17)

Since we are concerned only with processes whose termination is remote,
we may use the asymptotic expression (Eq. 8.25) for v;(f)
vi(f) = tgs + vs for large ¢ (8.25)
and transform Egs. 8.17 into
N
gi = qi + > ailg; + vy)
=1

J
or

N N
g=qi+t>aug+ dag; i=12--,N (826
i=1 j=1

If Egs. 8.26 are to hold for all large ¢, then we obtain the two sets of
linear algebraic equations

N
> aigi =0 1=12,---,N (8.27)
ji=1

N
g=gq+ yaw; i=12--- N (8.28)
ji=1

Equations 8.27 and 8.28 are analogous to Egs. 6.3 and 6.4 for the
discrete-time process. Solution of Eqs. 8.27 expresses the gain of
each state in terms of the gains of the recurrent chains in the process.
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The relative value of one state in each chain is set equal to zero, and
Eqgs. 8.28 are used to solve for the remaining relative values and the
gains of the recurrent chains.

The Policy-Improvement Routine

Suppose that we have a policy that is optimal when ¢ units of time
remain, and that this policy has expected total rewards v;(f). If we are
considering what policy to follow if more time than ¢ is available, we
see from Eqs. 8.17 that we may maximize our rate of increase of v4(f) by
maximizing

N
g + > aiFuj(t) (8.29)
i=1
with respect to the alternatives % in state 7. If ¢ is large, we may use
v;(f) = tg; + v; to obtain

N
gt + > ait(ig; + vy)

j=1
or

N N
giF + z as*v; + tz ai*g; (8.30)
i=1 i=1

as the quantity to be maximized in the sth state. For large ¢, Expression
8.30 is maximized by the alternative that maximizes

N
2 aig; (8.31)
j=1

the gain test quantity, using the gains of the old policy. However,
when all alternatives produce the same value of Expression 8.31 or
when a group of alternatives produces the same maximum value, then
the tie is broken by the alternative that maximizes

N
qik + Z aijk'vj' (832)

i=1

the value test quantity, using the relative values of the old policy. The
relative values may be used for the value test because a constant differ-
ence will not affect decisions within a chain.

The general iteration cycle is shown in Fig. 8.1. It corresponds
completely with Fig. 6.1 for the discrete-time case and has a completely
analogous proof. The rules for starting and stopping the process are
unchanged.
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Policy Evaluation

Use ay; and ¢; for a given policy to solve the double set of
equations

M=

ai,-gj=0 1:=1,2,---,N

i=1
N

gi=aq+ Yagy i=12---, N
j=1

for all v; and g;, by setting the value of one v; in each recurrent
chain to zero.

Policy Improvement

For each state ¢, determine the alternative 2 that maximizes

N
> aitgg
=1

using the gains g; of the previous policy, and make it the new
decision in the ith state.
If

N
> aikg;
i=1
is the same for all alternatives, or if several alternatives are
equally good according to this test, the decision must be made
on the basis of relative values rather than gains. Therefore,
if the gain test fails, break the tie by determining the alter-
native k that maximizes

N
gt + 3 aiky;
j=1
using the relative values of the previous policy, and by making
it the new decision in the ith state.

Regardless of whether the policy-improvement test is based
on gains or values, if the old decision in the ith state yields as
high a value of the test quantity as any other alternative,
leave the old decision unchanged. This rule assures conver-
gence in the case of equivalent policies.

When this procedure has been repeated for all states, a
new policy has been determined, and new [a;] and [¢;] ma-
trices have been obtained. If the new policy is the same as
the previous one, the iteration process has converged, and the
best policy has been found; otherwise, enter the upper box.

Fig. 8.1.

General iteration cycle for continuous-time decision processes.
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Completely Ergodic Processes

If, as is usually the case, all possible policies of the problem are
completely ergodic, the computational process may be considerably
simplified. Since all states of each Markov process have the same gain
g, the value-determination operation involves only the solution of the
equations

N
g=gqi+yaw; =12, N (8.33)
i=1

with vy set equal to zero. The solution for g and the remaining v; is
then used to find an improved policy. Multiplication of Eqgs. 8.33 by
the limiting state probability =; and summation over z show that

N
g = 2 g
i=1

a result previously obtained.
The policy-improvement routine becomes simply: For each state z,
find the alternative 2 that maximizes

N
gi¥ + 2 aikv;
i=1
using the relative values of the previous policy. This alternative
becomes the new decision in the 7th state. A new policy has been found
when this procedure has been performed for every state.

The iteration cycle for completely ergodic continuous-time systems
is shown in Fig. 8.2. It is completely analogous to that shown in Fig.
4.2 for discrete-time processes. Note that, if the iteration is started
in the policy-improvement routine with all v; = 0, the initial policy
selected is the one that maximizes the earning rate of each state.
This policy is analogous to the policy of maximizing expected immediate
reward for discrete-time processes.

The proof of the properties of the iteration cycle for the continuous-
time case is very close to the proof for discrete time. We shall illustrate
this remark by the proof of policy improvement for the iteration cycle of
Fig. 8.2.

Consider two policies, 4 and B. The policy-improvement routine
has produced policy B as a successor to policy 4. Therefore we know

N N
gi8 + Z agBud > g4 + 2 aiAvA
=1 i=1
or

N N
i = 8 + 2 ayPust — qit > ayvsd (8.34)
i=1 =1
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Value- Determination Operation

Use a;; and g¢; for a given policy to solve the set of equations

—> v )
g=gi+zaijvj 1=12,---,N ]
i=1
for all relative values v; and g by setting vy to zero.
Policy-Improvement Routine
For each state ¢, find the alternative 2’ that maximizes
N
— qik + Z ai]‘kvf l—

=1

using the relative values v; of the previous policy. Then &’
becomes the new decision in the 7th state, ¢;¥’ becomes ¢;, and
ay*’ becomes a;;.

Fig. 8.2. Iteration cycle for completely ergodic continuous-time decision
processes.

and v; > 0. From the equations of the value-determination operation
we know

N
g8 = gif + 2 aiPuB (8.35)

j=1
N

gA = QiA + Z ai,-AvjA (836)
i=1

If Eq. 8.36 is subtracted from Eq. 8.35 and if Eq. 8.34 is used to
eliminate ¢;8 — ¢4, we obtain

N
g% — g4 = 1i + Y ay(uf® — vyf) (837)
i=1

Let g& = gB — g4 and vi® = v;®8 — v;4. Then Eq. 8.37 becomes

N
gA =y + zaiijjA 1= 1, 2,' T N (8'38)

i=1

Equations 8.38 are the equations of the value-determination operation
written in terms of differences rather than absolute values. We know
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the solution is
N
gA = ZTCiBYi (839)
i=1

where ;B is the limiting state probability of state ¢ under policy B.
Since all ;B > 0, and all y; > 0, therefore g4 > 0. In particular,
gB will be greater than g4 if an improvement in the test quantity

N
gi¥ + Z aij*v;
j=1

can be made in any state ¢ that is recurrent under policy B.
The proof that the iteration cycle must converge on the optimal policy
is the same as that given in Chapter 4 for the discrete case.

The Foreman’s Dilemma

Let us solve the foreman’s problem shown in Table 8.2. Which
maintenance service and which repair service will provide greatest
earnings per unit time? Since all policies in the system are completely
ergodic, the simplified procedure of Fig. 8.2 can be used. Let us choose
as our initial policy the one that maximizes the earning rate for each
state. This is the policy consisting of normal maintenance and inside
repair. For this policy

1 -
ol FL Rl R L
The value-determination equations (Egs. 8.33) are
g =6 — 5u1 + 5vp g = —3 + 4v1 — 40
The solution of these equations with v = 0 is
g=1 v =1 vg =0
To find a policy with higher gain, we perform the policy-improvement

routine as shown in Table 8.3.

Table 8.3. PoLricy IMPROVEMENT FOR FOREMAN’S DILEMMA

State Alternative Test Quantity
N
i k gi* + > agkv;
i=1
1 1 6 —5(1) =1
2 4 —2(1) = 2«
2 1 -3 +4(1) =1
2 =5+ 7(1) = 2«
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The second alternative in each state is selected as a better policy. It
has been found that the policy of using expensive maintenance and
outside repair is more profitable than that of using normal services.
We evaluate this policy

N AR ERRE

using Eqs. 8.33. We have
g=4— 201 + 20, g= —5+4 Tv1 — Tvs
The solution of these equations with vs = 0 is
g =2 v =1 ve =0

Note that the gain is larger than it was before.

We must now enter the policy-improvement routine to see if we can
find a still better policy. However, since the values have coincidentally
not been changed, the policy-improvement routine would yield once

more the policy d = [;] . Because this policy has been achieved twice

in succession, it must be the optimal policy. Hence, the foreman
should use more expensive maintenance and outside repair; in this way
he will increase his profits from $1 to $2 per hour, on the average.
Note that, since v1 — vs = 1, the foreman should be willing to pay as
much as $1 for an instantaneous repair. The reader may investigate

policies d = [;] and d = [ﬂ to assure himself that they do have

lower earnings per hour than the optimal policy.

Computational Considerations

We have seen that the solution of the continuous-time decision process
involves about the same amount of computation as the solution of the
corresponding discrete process. As a matter of fact, the two types of
processes are computationally equivalent, so that the same computer
program may be used for the solution of both. To see this, let us write
the value-determination equations (Eqs. 6.3 and 6.4) for the discrete
process

N
81 =Zp”gj 1 = 1,2,"',N (6.3)
j=1

N
gutv=q+ppw =12 N (6.4)

j=1
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These equations may be written as

Z (P — duy)gs = 0

ge=qi + Z (Ppu — du)v;
i=1

where §;; is the Kronecker delta; 8;; = 1if s = jand 0if 7 # 5. If we
now let ay; = py — 8¢, we have
N

ayg; = 0
j=1

N
=q; + Z A;j0;
i=1

These are the value-determination equations (Eqs. 8.27 and 8.28) for
the continuous-time decision process. Thus if we have a program for
the solution of Eqs. 6.3 and 6.4 for the discrete process, we may use
it for the solution of the continuous process described by the matrix
A by transforming the transition rates to “pseudo” transition proba-
bilities according to the relation pgy = ay + 34.*

As far as the policy-improvement routine is concerned, in the discrete
case we maximize either

N N
D pukgy or gk + > pyku;
ji=1 j=1

with respect to all alternatives £ in state 7.
Our decisions would be unchanged if we instead maximized

N
Z (P — Bu)gs or ¢k + D (pu* — Suy)v;
= ji=1

in state 7, since only terms dependent upon £ affect decisions. In terms
of ay* = py¥ — 34, the quantities to be maximized are

N N
D aykg; and gk + > ayku
=1 =1

However, these are the test quantities for the policy-improvement
routine of the continuous process. As a result, a policy-improvement
routine programmed for the discrete process may be used for the
continuous process if the transformation p¢* = a4* + 8y is performed.

* If the computer program assumes that 0 < py < 1, it will be necessary to
scale the a45 so that —1 < ay < 0.
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The discrete and continuous decision processes are thus computation-
ally equivalent. The same computer program may be used for the
solution of both processes by a simple data transformation.

The Continuous-Time Decision Process with Discounting

In Chapter 7 we studied the discrete sequential process with dis-
counting or with an indefinite duration. We may analyze continuous-
time decision processes with similar elements by use of an analogous
approach. Let us define a discount rate 0 < « < oo in such a way that
a unit quantity of money received after a very short time interval d¢
isnow worth 1 — « df. This definition corresponds to continuous com-
pounding at the rate «. An alternate interpretation of « that allows
the process an indefinite duration is that there is a probability « d¢
that the process will terminate in the interval dt.

If v4(¢) is the total expected earnings of the system in time ¢, then by
analogy with Eq. 8.15 we have

vt + df) = (1 — adt){(l =S ay dt)[m dt + vi()]
j#i
+ S ay dtlry + v,(t)]} (8.40)

j#i
In this equation we assume that rewards are paid at the end of the

interval 4t and that the process receives no reward from termination.
Using the definition given by Eq. 8.2, we may rewrite Eq. 8.40 as

vt +dt) = (1 — ocdt){(l + ay d)[ru dt + vid)]

+ S ay difry + w(t)]}

FE
or
N
'Z)i(t + dt) = (1 — ocdt) [(Tii + Z aijm) at + vi(t) + Z aij dt 'I)j(t)]
i i=1
and
N
vi(t + dt) = (Vii + Z dij?'ij) at + vi(t) + Z aij @t vi(t) — o dt 'vz(t)
j#i j=1

where terms of higher order than df have been neglected.
Introduction of the earning rate from Eq. 8.16 and rearrangement
yield

N
vilt + dt) — vilt) + a dtvi(t) = qidt + > ai dt vy(t)
j=1
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If this equation is divided by d¢ and the limit taken as d¢ approaches
zero, we have
dvi(t) < .
-t wilt) = qi + > agvif)  i=1,2,---,N (8.41)
i=1
Equations 8.41 are analogous to Eqs. 8.17 and reduce to them if
o = 0. In vector form, Egs. 8.41 become
% + av(t) = q + Av() (8.42)
Since Eq. 8.42 is a linear constant-coefficient differential equation,
we should expect a Laplace transformation to be useful. If the
transform of Eq. 8.42 is taken, we obtain

vs(s) — v(0) + av(s) = —1§q + Av(s)

or

1

(s + )I — Alv(s) 3 q + v(0)

and finally
v(s) = %[(s + o)l — A]"1q + [(s + )T — A]-1v(0) (8.43)

We might use Eq. 8.43 and inverse transformation to find v(¢) for a
given process. As usual, however, we are interested in processes of
long duration, so that only the asymptotic form of v(¢) for large ¢
interests us. Let us recall from Eq. 8.11 that

(sI — A1 =28 + F(s) (8.11)

» =

where § is the matrix of limiting state probabilities and J (s) is a matrix
consisting of only transient components. It follows that
1
I- A"l = S+ -
(s + «) ] . + I (s + @) (8.44)
so that [(s + «)I — A]~1 has a// transient components. If Eq. 8.44 is
used in Eq. 8.43, we have

v(s) = 1[ 1

SIS + «

S+ T(s + a)]q + [ S+ T(s + oc)]v(O) (8.45)

S+ a

We now wish to know which components of v(¢) will be nonzero for
large . The matrix multiplying ¢ contains a step component of magni-
tude [(1/«)S + J («)]; all other terms of Eq. 8.45 represent transient
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components of v(f). Therefore, if we define a vector v of present
values v; so that
v = lim v(¢)

t—>0

we have

or
v = (ad — A)lq (8.46)

using Eq. 8.11.

The vector v represents the discounted future earnings in a very long
time if the system is started in each state. Equation 8.46 shows how
these present values are related to the discount rate «, the transition-
rate matrix A, and the earning-rate vector q. Equation 8.46 may also
be written in the form

N
ows =qi + p ayy;  1=12,---,N (8.47)
j=1

We may solve Eqs. 8.47 to find the present values of any continuous-
time decision process with discounting.

Policy Improvement

We are interested not only in evaluating a given policy but also in
finding the policy that has highest present values in all states. We
should like to be able to solve a problem such as that posed by Table
8.2 when discounting is an important element. Equations 8.47
constitute a value-determination operation; we still require a policy-
improvement routine.

If we desired to maximize the rate of growth of v;(f) at time ¢ in
Eq. 8.41, we should maximize

N
gik + > agFus(t) — avi(?)
ji=1

with respect to all the alternatives 2in the 7th state. If we are interested
only in large ¢, we may use the asymptotic present value v; rather than
v¢(t) to obtain the test quantity

N
qi¢ + Z as*v; — ovg
j=1
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However, since v; does not depend upon %, the expression

N
git + > aytv;
i=1
is a sufficient test quantity to be maximized with respect to all alterna-
tives & in state 1. _
The policy-improvement routine is thus: For each state 7, find the
alternative % that maximizes

N
q:* + Z ]

i=1
using the present values of the previous policy. This alternative
becomes the new decision in the sth state. When the procedure has
been repeated for all states, a new policy has been determined. This
new policy must have present values that are greater than those of the
previous policy unless the two policies are identical. In the latter
case the optimal policy has been found.

The value-determination operation and the policy-improvement
routine are shown in the iteration cycle of Fig. 8.3. The rules for
entering and leaving the cycle are the same as those given for earlier
cases. We shall now prove the properties of the cycle, following the
lines of the proof for the discrete case given in Chapter 7.

Value- Deteymination Opevation
Use a;; and g¢; for a given policy to solve the set of equations
N
> avi=qi+2aijvj i1=1,2,---, N ]
i=1
for all present values v;.

Policy-Improvement Routine

For each state 7, find the alternative 2’ that maximizes

N
— gk + > aykv; <
=1

using the present values v; from the previous policy. Then &’
becomes the new decision in the ith state, ¢;¥” becomes ¢;, and
a;*" becomes a;;.

Fig. 8.3. [Iteration cycle for continuous-time decision processes with discounting.
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Suppose that the iteration cycle produces a policy B as a successor
to policy 4. Since B followed 4, we know that

N N
q:8 + Z aiBvid > g4 + Z a;4vj4 in every state 1.
i=1

j=1

Equivalently,
N N
Yi = ¢if + Z aiBuid — ¢4 — Z ai4vi4 > 0 for all 4
i=1 i=1

where y; is the improvement in the test quantity that the policy-
improvement routine was able to achieve in the sth state. For the
individual policies the value-determination operation yields

N
oavid = in + Z a,-jAv,-A
i=1
A'I
(Z'UiB —3 qu + Z ai}‘B'I)}'B
i=1
If the first equation is subtracted from the second and the relation
for v; is used to eliminate ¢;8 — ¢;4, we obtain

N
a(viB — vi) = yi + D ayB(v;B — vs4)
j=1
or

N
Yi + > ayBu
ji=1

owiA

where v = v:8 — v;4. These equations are the same as our value-
determination equations except that they are written in terms of
differences in present values. In vector form their solution is

vA = (o — A)" 1y

where y is the vector with components y;. All elements of (oI — A)-1
are nonnegative, as were those of (I — BP)~! in the discrete case, again
on either physical or mathematical grounds. If any y; > 0, at least
one v;2 must be greater than zero and no v;2 can be less than zero. The
policy-improvement routine must increase the present values of at
least one state and can decrease the present value of no state.

Similarly, no policy B that has some higher present values than
policy A can remain undiscovered because of convergence on A.
This is true because in such a case all y; would be <0, while at least one
v;2 would be >0; this situation would contradict the relation derived
above. When the iteration cycle has converged on a policy, that policy
has higher present values than any other nonequivalent policy.
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An Example

Let us use our results to solve the sequential decision problem pre-
sented in Table 8.2 with « = 3. We may interpret this to mean
that the duration of the foreman’s operation is exponentially distrib-
uted with mean 9 hours, or we may think of some investment situation
in which the interest rate is important. As is the custom, we shall
choose as our initial policy the one that maximizes earning rate; that is,

ol FL I AP B R ]

The value-determination equations (Egs. 8.47) are

%v1=6—5v1+5v2 %’Uz= —3 4+ 4v; — 4vs
Their solution is
783 702
U1 = gs V2 = Bs

Proceeding to find a better policy, we employ the policy-improvement
routine as shown in Table 8.4.

Table 8.4. FIrstT Poricy IMPROVEMENT FOR FOREMAN’S DILEMMA
WITH DISCOUNTING

State Alternative Test Quantity
N
7 k qik + z aijk"/j
=1
1 1 6 — S(3AY + 5(%) = 8
2 4 - 2% + 2(FF) = W<
2 1 —3 + 4% - 43 = #
2 =5 + T($R) = T(38) = Wi

The second alternative in each state constitutes a better policy, so that

N N S N

The value-determination equations (Eqgs. 8.47) are
%v1=4—2v1 +2v2 %1)2= -5 +7'I)1—7'I)2
Their solution is

U1 = “g2 V2 = “g2
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Note that the present values have once more increased. The policy-

improvement routine is entered again, with results shown in Table
8.5.

Table 8.5. SeconND Poricy IMPROVEMENT FOR FOREMAN’S DILEMMA
WITH DISCOUNTING

State Alternative Test Quantity
) k g + Z aijkv,-
1 1 3
2 i
2 1 5
2 e

Since v1 — vz has remained unchanged, the values for the test
quantities are the same as those in Table 8.4. The policy d = [;]

has been found twice in succession. Therefore, it is the optimal policy;
it has higher present values in all states than any other policy. Even
when the expected duration of the process is only 9 hours, the foreman
should use expensive maintenance and outside repair.

Comparison with Discrete-Time Case

In the discrete sequential decision process with discounting the value-
determination equations are

N
vi=gi+BOpyw; =12 N (7.9)
i=1

If we have developed a computer program for this operation, we might
be interested in knowing whether such a program would be useful in
the continuous case. For the continuous case the analogous equations

are
N

ows =g’ + Qa1 =12--- N (8.48)

j=1
where ¢;" has been used to distinguish the continuous from the discrete
case. We may define a;; = pi; — 3 and write Eq. 8.48 as

AY
w = qi’ + (b — Sy)v;
=1

or

N
(1 + x)vs = g + Zpij'vj
i=1
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and

oy = "+ 1 ipv
z—1+ocqi 1+otj=1 KAt

If we define B = 1/(1 + «) and ¢; = 1/(1 + «)g:’, then we have

N
vi = gi + B D, pijvs
ji=1

a set of equations of the same form as those for the discrete case. Thus
if we have a continuous problem described by «, q’, and A, we may use
the program for the discrete problem described by 8, q, and P by making
the transformations

(3:1

1+«

q=Bq P-A+1

In the policy-improvement routine for the discrete case, the test
quantity is

N
gi* + B pitvs
=1

For the continuous case it is

N
'k Kq) .
qi " + A" 05
j=1

This quantity may be rewritten as
N
gi't + D (Pt — Siy)v;
j=1
where ai% = py*¥ — 3;5. We now have an expression equivalent to
N
g5’ + 2 putv;
i=1

since v; does not depend on k. If ¢'* = (1/B)g:*, where § = 1/(1 + «),
then we have

1 N
E@Zt" + > piftv;
=1
and this of course, is proportional to
N
g% + B> pitv;
i=1

which is the test quantity for the discrete case. Thus the same trans-
formation that allowed us to use a program for the discrete case in the
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solution of the value-determination operation allows us to use a
program for the policy-improvement routine that is based upon the
discrete process.

We see that by suitable transformations a single program suffices for
both the discrete and continuous cases with discounting. Since we
showed the same relation earlier for cases without discounting, it is
clear that the continuous-time decision process, with or without dis-
counting, is computationally equivalent to its discrete counterpart.



Conclusion

With the discussion of continuous-time processes we have completed
our present investigation of dynamic programming and Markov proc-
esses. We have seen that the analysis of discrete-time and con-
tinuous-time Markov processes is very similar. In the discrete case
the z-transform is a powerful analytic technique, whereas for the con-
tinuous case the Laplace transform assumes this role. In either
situation the pertinent transformation has allowed us to analyze the
special cases of periodicity and multiple chains that so often complicate
other analytic approaches.

Even when a structure of rewards is added to the process, the trans-
formational methods are useful for calculating total expected rewards
as a function of time and for determining the asymptotic forms of the
reward expressions. For a system operating under a fixed policy, a
knowledge of the total expected rewards of the process constitutes a
complete understanding of the system.

The most interesting case arises when there are alternatives available
for the operation of the system. In general, we should like to find
which set of alternatives or policy will yield the maximum total
expected reward. If we are dealing with a discrete system, and if we
wish to maximize the total expected reward over only a few stages of
the process, then a value-iteration approach is indicated. If, however,
we expect the process to have an indefinite duration, the policy-
iteration method is preferable. This method will find the policy that
has a higher average return per transition than any other policy under
consideration. Even in processes with possible multiple-chain behavior,

123
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no serious difficulties arise. The computational scheme involved is
simple, practical, and easily implemented.

If, however, we are interested in maximizing total expected reward
for a continuous-time system, our choice is more limited. The con-
tinuous analogue of the value-iteration approach is so laborious that
practicality forces us to make simplifications. If we are especially
interested in processes of short duration, then the easiest course is to
approximate the continuous-time process by a discrete-time process
and then use value-iteration. If, on the other hand, we are interested
in processes of long duration, the policy-iteration method is just as
applicable as it was in the discrete-time case. Furthermore, the
computational requirements of the two types of processes are so similar
that the same general computer program will suffice for the solution of
both classes of problems. We may conclude that the policy-iteration
method is especially important in the solution of continuous-time
processes because of the lack of practical alternatives.

We have found that the presence of discounting does not change the
basic nature of the decision-making problem. The earlier remarks
comparing value- and policy-iteration methods for discrete- and
continuous-time processes apply with equal weight when discounting is
present. The existence of discounting does have some interesting
features, however. First, for processes of long duration the concept
of gain is replaced by that of present value, and our objective in policy
improvement is to maximize the present values of all states. Second,
the chain structure of the process can be ignored in our computations.
Third, there will exist regions of discount-factor values that have the
same optimal policy. These features, however, change our com-
putational procedure very little. A well-designed computer program
can solve both discrete- and continuous-time processes, with or
without discounting.

Whenever the policy-iteration method is applied, a by-product of the
calculation of the optimal policy is a set of state values that permits
the evaluation of departures from this policy in special circumstances.
In most systems these values are more interesting and useful than their
origin might indicate. It is important to remember in using these
numbers that their validity rests on the assumption that the optimal
policy is being followed almost always.

The examples in baseball strategy, automobile replacement, and so
forth, that have been presented are so simplified that they only whet
the appetite for further applications. The considerations involved in
selecting possible applications are these. First, can the system be
adequately described by a number of states small enough to make the
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solution of the corresponding simultaneous equations computationally
feasible? Second, are the data necessary to describe the alternatives
of the system available? If the answers to these questions are affirma-
tive, then a possible application has been discovered. There is every
reason to believe that a possible application when combined with
diligent work will yield a successful application.






Appendix:

The Relationship of Transient

to Recurrent Behavior

In the value-determination operation for a completely ergodic
process, we must solve the following equation for the v; and the g:

N
g+vi=qi+pyw; i=12--- N (4.1)
i=1
Rearranging, we have
N
v — D pis + & = g
i=1
When vy = 0, arbitrarily, then
B Sy = 0if i # 5
> (i — pu)vs + g = gs Sor = 1if 7 i (A.1)
i=1 v J
If we define a matrix
_ ) mi; = Oij — Pij fory < N
M= [mﬁ] miy = 1
then
1 —pu —p12 —pun1 1
—pa1 1 —p22 1
M = '
—pN1 —Pn2 —pn, -1 1
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Note that the matrix M is formed by taking the P matrix, making all
elements negative, adding ones to the main diagonal, and replacing the
last column by ones.

If we also define a vector ¥ where

'171; = Vi 1< N
Iy = g
then
V1
V2
¥ = :
UN-1
g

Equation A.l1 in the v; and the g can then be written in matrix
form as
My = q
or
v=M1q (A.2)

where q is the vector of expected immediate rewards. The matrix
M-1 will exist if the system is completely ergodic, as we have assumed.
Thus, by inverting M to obtain M1 and then postmultiplying M-1 by q,
vifor 1 <7 < N — 1 and g will be determined.

Suppose that state N is a recurrent state and a trapping state, so
that pn; = 0 for j # N, and pnv = 1. Furthermore, let there be no
recurrent states among the remaining IV — 1 states of the problem.
We know that

v=Mq
where M assumes the special form
1 - pn1 —p12 —p1, N-1 P17
—pa1 1 —po2 c1
M= P
—pn-1,1 —pPy-1,2 -+ 1 —py,n11 1
.o 0 0 1
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where the nature of W and f are evident by comparison with the M
defined above. From the relations for partitioned matrices we have

It is clear that MM-1 = M~IM = I as required. The nature of f
shows us that the elements in the first N — 1 rows of the last column
of M1 are each equal to the negative sum of the first N — 1 elements
in each row. Also, from Eq. A.2, g = g~ as expected.

What is the significance of W1 and W-1f? Let us consider the
relations for the number of times the system enters each transient
state before it is absorbed by the recurrent state. Let u; equal the
expected number of times that a system started in state ¢ will enter
state j before it enters state V.

The balancing relations for the %; are

N-1

wij = > wapr; + 8% 4,7 <N —1 (A.3)
k=1

Equation A.3 may be developed as follows: The number of times a
state 7 will be occupied for a given starting state z depends primarily
on its probabilistic relations with other states. For example, if the
system spends an average amount of time #%; in some state Z and if a
fraction py; of the times state % is occupied a transition is made to state
7, then the expected number of transitions into state ; from state % is
uskprs. This contribution to #;; must be summed over all of the N
states with the exception of the trapping state, and so we have the first
term of Eq. A.3. In addition to this mechanism, however, #;; will be
increased by 1 if 7 is the state 7 in which the system is started; this
accounts for the 3;; term of Eq. A.3.

Let us definean N — 1 by N — 1 square matrix U with components
ui;. Then if we write Eq. A.3 in the form

N-1
> wik(3k; — prs) = S
E=1

we see that we have in matrix form
UW =1
or
W-1=0
That is, the matrix W—1 is the matrix U of average times spent in each

state for each starting state. Since these quantities must be non-
negative, the elements of W-1 are nonnegative.
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The matrix W or U~1 has the form of the matrix [L+1I — L+1, L+1P]
used in Eq. 6.23 of Chapter 6. Here we would interpret the u;; as the
expected number of times the system will enter one of the transient
states j in the group L + 1 before it enters some recurrent chain if it
is started in state ¢ of the group L + 1. With this definition, the
elements of [L+1I — L+1, L+1P]-1 must all be nonnegative by the same
argument given here.

Using W-1 = U, Eq. A.2, and the partitioned form of M~1, we may
write

N-1 N-1
vi=Duygs—qn 2wy 1<i< N -1
j=1 ji=1
or
N-1 N-1
vi = > wigj — g D, i l<i<N -1 (A4)
j=1 j=1

The v; may now be interpreted in the following way. The v;
represent the sum of the expected number of times the system will enter
each state 7 multiplied by the expected immediate reward in that state
less the total number of times any state other than N will be entered
multiplied by the gain for state NV, all given that the system started in
state <.

In particular, if the reward ¢y in the recurrent state is zero, and if all
gi > 0forl <7< N — 1, then

N
vi=2u¢jq,->0 1<:<N-1
i=1

This was exactly the situation encountered in the baseball example of
Chapter 5, where we found that no negative values occurred relative
to the recurrent state.

Suppose that we are investigating various policies for a system that
has only one recurrent state, state N. Suppose further that we have at
some stage found a policy B as a successor to policy A. Equation 4.11
must hold for the changes in gain and values

N
gA+‘v¢A=‘Y¢+ZpﬁB'vjA 1= 1,2,-~,N (411)

ji=1

Since for this particular system we know that these equations are
equivalent to Eq. A4,

N N
'U{A=Z%ijBYi—gAzuijB t1=12,---,N -1
i1 i=1
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If there has been no change in gain between 4 and B, then g& = 0, and
we have left the sum of nonnegative terms so that v;4 must be non-
negative. We thus see that when increases in gain are not possible
the policy-improvement routine will attempt to maximize the values
of the transient states. This is the behavior observed in the baseball
problem, where at first glance it appeared as if we were violating our
ground rules by working with a system in which the gain was zero for all
policies.

If the words ‘‘recurrent chain with gain g”’ are substituted for
‘“single recurrent state,” the preceding development is virtually un-
changed. The policy-improvement routine will not only maximize
the gain of a recurrent chain, it will also maximize the values of transient
states that run into that chain.
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