A NEW COEFFICIENT OF CORRELATION

SOURAV CHATTERJEE

Supplementary material: Proofs

A. PrROOF OF THEOREM 1.1

Throughout this proof and the rest of the manuscript, we will abbreviate
En(X,Y)as & and E(X,Y ) as . Fort e R, let F(t) :=P(Y <t)and G(t) :=
P(Y > t). Let u be the law of Y. By the existence of regular conditional
probabilities on regular Borel spaces (see for example [2, Theorem 2.1.15
and Exercise 5.1.16]), for each Borel set A C R there is a measurable map
x > g (A) from R into [0, 1], such that

(1) for any A, ux(A) is a version of P(Y € A|X), and
(2) with probability one, pux is a probability measure on R.

In the above sense, p, is the conditional law of Y given X = x. For each ¢,
let Gx(t) := pz([t,00)), and define

Q= / Var(Gy () du(t). (A1)

(Since t + E(Gx(t)) and t — E(Gx(t)?) are both non-increasing maps,
they are measurable. Therefore ¢ — Var(Gx(¢)) is also measurable, and so
the above integral is well-defined.)

Lemma A.1. Let Q be as above. Then Q =0 if and only if X and Y are
independent.

Proof. If X and Y are independent, then for any ¢, P(Y > t|X) =P(Y > t)
almost surely. Thus, Gx(t) = G(t) almost surely, and so Var(Gx(t)) = 0.
Consequently, @) = 0.

Conversely, suppose that () = 0. Then there is a Borel set A C R such
that u(A) =1 and Var(Gx(t)) = 0 for every t € A. Since E(Gx(t)) = G(1),
Gx(t) = G(t) almost surely for each ¢t € A. We claim that A can be chosen
to be the whole of R.

To show this, take any ¢ € R. If p({t}) > 0, then clearly ¢t must be a
member of A and there is nothing more to prove. So assume that u({t}) = 0.
This implies that G is right-continuous at ¢.

There are two possibilities. First, suppose that G(s) < G(t) for all s > t.
Then for each s > ¢, p([t,s)) > 0, and hence A must intersect [t,s). This
shows that there is a sequence r, in A such that r, decreases to t. Since

1



2 SOURAV CHATTERJEE

Gx(rn) = G(ry,) almost surely for each n, this implies that with probability
one,

Gx(t) > nh_)rglo Gx(rp) = nh_)r{.lo G(rn) = G(t).

But E(Gx(t)) = G(t). Thus, Gx(t) = G(t) almost surely.

The second possibility is that there is some s > ¢ such that G(s) = G(t).
Take the largest such s, which exists because G is left-continuous. If s =
00, then G(t) = G(s) = 0, and hence Gx(t) = 0 almost surely because
E(Gx(t)) = G(t). Suppose that s < co. Then either pu({s}) > 0, which
implies that Gx(s) = G(s) almost surely, or u({s}) = 0 and G(r) < G(s)
for all r > s, which again implies that Gx(s) = G(s) almost surely, by the
previous paragraph. Therefore in either case, with probability one,

Gx(t) > Gx(s) = G(s) = G(t).

Since E(Gx(t)) = G(t), this implies that Gx(t) = G(t) almost surely.
This completes the proof of our claim that for each ¢t € R, Gx(t) = G(t)
almost surely. Therefore, for any ¢t € R and any Borel set B C R,

PAY >t} n{X € B}) = E(P(Y > t[X)lixepy)
= G(HP(X € B) = P(Y > t)P(X € B).
This proves that Y and X are independent. ([l
Corollary A.2. IfY is not a constant, then [ G(t)(1 — G(t))du(t) > 0.

Proof. In Lemma A.1, take X = Y. Then Gx(t) = 1{x>4, and hence
Var(Gx(t)) = G(t)(1 — G(t)). But if Y is not a constant, then Y is not
independent of itself. Hence Lemma A.l implies that Q > 0, which gives
what we want. O

Let X1, Xo,... be an infinite sequence of i.i.d. copies of X. For each n > 2
and each 1 <7 <, let X, ; be the element of the set {X;: 1 < j <n,j # i}
that is immediately to the right of X;. If there is no such element, then let
Xni = Xi.

Lemma A.3. With probability one, X, 1 — X1 asn — oo.

Proof. Let v be the law of X. Let A be the set of all x € R such that
v([z,y)) > 0 for any y > z. First, we show that v(A°) = 0. Let K be the
support of v and let B := A°N K. Since v(K¢) = 0, it suffices to show that
v(B) =0.

Take any z € B. Since x € A€, there is some y > x such that v([z,y)) = 0.
For each z € B, choose such a point y,. We claim that the intervals [z, y,),
as = ranges over B, are disjoint. To see this, take any distinct z,2’ € B,
x < 2. I [z,y,) and [2/,y,s) are not disjoint, then 2’ € (z,y,). But
v((x,yz)) < v([z,y)) = 0. This contradicts the fact that 2’ € K. Thus, we
have established that the intervals [z,y,) are disjoint. But this implies that
there can be at most countably many such intervals. Thus, B is at most
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countable. But for any x € B, v({z}) < v([z,y,)) = 0. This proves that
v(B) = 0, and hence v(A¢) = 0.
Take any € > 0. Let I be the interval [ X, X1 + ). Then
P(|X1 — Xpa| 2 e[X1) < (1 —v(D)"
Since X7 € A almost surely, it follows that v(I) > 0 almost surely. Thus,
lim P(|X1 — Xn,l‘ Z €’X1) =0
n—oo
almost surely, and hence

lim P(|X1 - Xn71| > 6) =0.
n—oo

This proves that | X7 —X,, 1| — 0 in probability. But |X; —X, 1| is decreasing
in n after the first time some X; is drawn that is > X (and there will always
be such a time, since v(I) > 0). Therefore | X; —X,, 1| — 0 almost surely. [

Lemma A.4. For any measurable function f : R — [0, 00),
E(f(Xn1)) < 2E(f(X1)).

Proof. Consider a particular realization of Xi,...,X,,. In this realization,
take any ¢ and j such that X,, ; = X; and X; # X;. We claim that for any j,
there can be at most one such i. Take any k ¢ {i,j}. Then X}, cannot lie in
the interval [X;, X;), because that would contradict the fact that X, ; = Xj.
If X;, < X;, then X, # X, because X; is closer to X}, on the right than
Xj. On the other hand, if X} > X, then obviously X, ; # X;. Thus, we
conclude that for any j, there can be at most one 7 such that X, ; = X;
and X,L 75 Xj.

Now observe that since f is nonnegative,

E(f(Xni)) SE(f(Xi)) + E(f (Xni)l(x, £x,})
<E(f(X3) + ZE(f(Xj)l{ijxn,i,Xﬁéxi})-
j=1
Combining the two observations and using symmetry, we get

B(f(Xn1) = & S E(f(X0)
=1

IN

CSBUOW) S0 S G - 5, 40)
=1

i=1 j=1

— B + 3 B(F0) Y 1w )
=1

=1
SE(F(X0) + - S E((X;)) = 2B(f(X1))
j=1

which completes the proof of the lemma. ([
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For the next result, we will need the following version of Lusin’s theorem
(proved, for example, by combining [4, Theorem 2.18 and Theorem 2.24]).

Lemma A.5 (Special case of Lusin’s theorem). Let f : R — R be a measur-
able function and v be a probability measure on R. Then, given any € > 0,
there is a compactly supported continuous function g : R — R such that

v({z: f(z) # g(x)}) <e

Lemma A.6. For any measurable f : R — R, f(X1) — f(Xn,1) tends to 0
in probability as n — oo.

Proof. Fix some € > 0. Let g be a function as in Lemma A.5, for the given
f and e, and v = the law of X;. Then note that for any § > 0,

P([f(X1) = f(Xn1)| > 6)
< P(lg(X1) — 9(Xn1)| > 0) + P(f(X1) # 9(X1))
+P(f(Xn1) # 9(Xn1)).
By Lemma A.3 and the continuity of g,
Jim P(lg(X1) — 9(Xn,1)| > 6) = 0.
By the construction of g,

P(f(X1) #9(X1)) <e
Finally, by Lemma A.4,
P(f(Xn1) # 9(Xn1)) < 2P(f(X1) # g(X1)) < 2e.
Putting it all together, we get
limsup P(|f(X1) — f(Xn1)| > 6) < 3.

n—oo

Since € and § are arbitrary, this completes the proof of the lemma. U

Let 7(7) be the rank of X;, breaking ties at random so that 7 is a permu-
tation of {1,...,n}. Define

N () = 7"('71(71'(2') +1) ?f 7r(z) < n,
i if w(z) = n.
We will now show that P(X,, 1 = Xy(1)) = 1 as n — co. For that, we need
to recall the following formula.

Lemma A.7. If Z ~ Binomial(m, p), then
SES R EIET
Z+1 (m+1p
Proof. Let x :=p/(1 — p). Then

(741) R (oo
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(1 —pym i m\ gkt
T k)k+1

[ s

_(d=p" / L-p)"A+az)™ -1
1 Mdy = .
- ; (1+y)"dy " o
The result is obtained by substituting the value of x. O

Lemma A.8. P(X,1 = Xyg)) > 1 asn — .

Proof. Let x1,x9,... be the atoms of X, with masses p1,po,.... Fix a real-
ization of X1,..., Xy If X;j # Xy for all j # 1, then X, 1 = Xx(1). Suppose
that X; = X for at least one j # 1. Let M be the number of such j. Then
with probability 1/(M + 1), w(1) is the highest among all such 7(j). If this
does not happen, then again X;, ; = Xp(1). Therefore

1
P<Xn,1 7é XN(l)) < E(M T 1{M>1}> .

Now let us condition on Xj. If Xy ¢ {x1,x9,...}, then M = 0. If X; = z;,
then conditionally M ~ Binomial(n — 1,p;). Therefore by Lemma A.7 and
the above inequality, we get

21— (1=p)"
P(Xp1 # Xna)) < Z (npp)pz

Take any k. Then by the inequality (1 — z)™ > 1 — nz and the above
inequality,

( nl?éXN

sz

i=k+1

3\??‘

Fixing k, and sending n — oo, we get

limsup P(X,, 1 # XN(l)) < Z Di-

n—oo it 1
The proof is completed by sending k& — oo. O

Corollary A.9. For any measurable f : R — R, f(X1) — f(Xna)) — 0 in
probability as n — co.

Proof. By Lemma A.6, f(X;)— f(X,,1) — 0 in probability. By Lemma A.8,
f(Xn1) = f(Xn(1)) — 0 in probability. The claim is proved by adding the
two. U

For each t € R, let

1< 1<
t) = ﬁ Z 1{Yi§t}7 Gn(t) = ﬁ Z I{Yizt}‘
=1 1=1
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Define . .
Qui= = Yo min{Fa(Y), FalYi)} = 5 D0 GalVi.
i=1 i=1
Lemma A.10. Let Q, be defined as above, and QQ be the quantity defined
in equation (A.1). Then lim, - E(Q,) = Q.
Proof. Let

Q= S min{ F(YV), (¥} — - > G
=1 i=1

and let

A, = sup ’Fn(t) — F(t)’ + sup ’Gn(t) - G(t)‘
teR teR

Then by the triangle inequality,

Q5 — @n| < 3An.

On the other hand, by the Glivenko—Cantelli theorem, A,, — 0 almost surely
as n — 00. Since A, is bounded by 2, this implies that

lim E|Q), — Qx| =0.
n—oo
Thus, it suffices to show that E(Q),) converges to Q). First, notice that

min{F (Y1), F'(Yn))} :/1{Y12t}1{YN(1)2t}dM(t)'

Let F be the o-algebra generated by the X;’s and the randomness used for
breaking ties in the selection of 7. Then for any t,

E(Lyisn vy g >alF) = Gx, (H)Gxy ) (1)

Now recall that by the properties of the regular conditional probability p.,
the map x — G.(t) is measurable. Therefore by the above identity and
Corollary A.9, and the boundedness of G, we have

nh_}rglo E(l{let}l{YNu)Zt}) = nh_EI;o E(GXl (t)GXN(l) (t))

= E(Gx(1)?).
Thus,
Jim B(Qh) = [ (B(Gx(0) — GP)autt)
Since E(Gx(t)) = G(t), this completes the proof of the lemma. O

Lemma A.11. There is a positive universal constant C such that for any
n and any t > 0,

P(|Qn — E(Qn)| > t) < 27",
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Proof. Throughout this proof, C' will denote any universal constant. The
value of C' may change from line to line. First, we will prove the claim
under the assumption that X has a continuous distribution, so that no
randomization is involved in the definitions of m and the N(i)’s.

Assume continuity, and suppose that for some ¢ < n, (X;,Y;) is replaced
by a different value (X/,Y;). Then there are at most three indices j such
that the value of N(j) changes after the replacement, and exactly one index,
Jj =1, where Y; changes. Moreover, there can be at most one index j such
that N(j) = 4, both before and after the replacement. Lastly, for each ¢,
Gr(t) and F,(t) change by at most 1/n. This shows that @), changes by
at most C'/n due to this replacement. The result now follows easily by the
bounded difference concentration inequality [3].

Now consider the general case. Let Z1,...,Z, be ii.d. Uniform|0, 1] ran-
dom variables. For each € > 0, define

Xf =X, +¢eZ;.
Define @5, using (X5,Y1),...,(X:,Y,), by the same formula that was used

for defining @,, using (X1,Y7),...,(X,,Y,). Then by the first part we know
that

P(@Q5 —E(Q)] 2 ) < 2e79, (A2)
where the important thing is that C has no dependence on €. Now construct
a random permutation 7 as follows. Given a realization of Xi,..., X,, let

1
e = gmin{|X; - Xj| 1 1< <n. X # X}

*

Having produced £* as above, define 7 to be the rank vector of Xf*, X
Notice that if X; < X; for some 4 and j, then it is guaranteed that Xf* <
Xj*. From this, it is not hard to see that « is a rank vector for Xq,..., X,
where ties are broken uniformly at random. On the other hand, the con-
struction also guarantees that 7 is the rank vector Xi,..., X} for all e <¢e*.
Thus, if @, is defined using this 7, then Q5 = @, for all ¢ < £*. Conse-
quently, Q5 — @, almost surely as ¢ — 0. Using the uniform boundedness
of (), it is now easy to deduce the tail bound for @), from the inequal-

ity (A.2). O
Combining Lemmas A.10 and A.11, we get the following corollary.
Corollary A.12. Asn — 00, Qn — Q almost surely.

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Define
1o 1
Sni= = Ga(Y)(1=Gn(Y)), 8=~ G -G(Y), (A3)
i=1 i=1

and A, := sup,cg |G (t)—G(t)|. Then by the triangle inequality, |.S, —S5},| <
2A,,, and by the Glivenko—Cantelli theorem, A, — 0 almost surely. But by
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the strong law of large numbers, S;, — [ G(t)(1 — G(t))dp(t) almost surely
as n — oo, and therefore the same holds for S,. By Corollary A.2; this
limit is nonzero. Therefore by this and Corollary A.12, we get that with

probability one,
Q@n

BLU

where £ = £(X,Y) is the quantity appearing the statement of Theorem 1.1.
Now notice that if 7 is the permutation used for rearranging the data in the
definition of &,, then nF,(Y;) = ry(;) for all 4, and nF,(Yn()) = 7r@)41 for
i # 7 Y(n). If i = 7(n), then nF, (Vi) = nFo(Yn()) = rn. Therefore

1 . 1 , n
— > min{F(Yi), Fu(Yy)} = — D min{rag) ragen} + 5
i=1 i#m—1(n)

By the identity min{a,b} = £(a +b— |a — b|), this gives
1~ .
- Z min{ F, (Y;), Fr(Yn))}
i=1
_ b
- 2n?2

Tn
>~ () + (i1 — Iy — eyl + 2
i#r—1(n)

n n—1
1 Z 1 Z| |+Tn—7'1
= — T — —5 Titl — Ti| + ———5—.
n2 &= ' 2p2 < o ! 2n2
i=1 =1

On the other hand,

n

L& 1 Ly
Snzyﬁ;li(”_li)’ nZG"(Yi)Q:Tﬁ’;l??

i=1
and
n n n n n n
D=2 Loy = 21 2 Ly = 2L (A-4)
i=1 i=1 j=1 j=1i=1 j=1
Combining the above observations, we get
Qn _ T'n —T1
S, o azs,
In particular,
% - §n S ! .
Sh 2nS,

Since S, converges to a nonzero limit, this proves that &, — £ almost surely.
Since for each t,

Gt)(1—-G(t)) = Var(l{yzt}) > Var(P(Y > t|X)),
we conclude that 0 < ¢ < 1.
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Lemma A.1 shows that ¢ = 0 if and only if X and Y are independent. On
the other hand, if Y is a function of X, say Y = f(X) almost surely, then

[ Var®(y = 030)dute) = [ Var(1geza)dutt)
= [ PU0) 2 001 = PUCX) 2 )dutt
- [ G- Gy

which shows that ¢ = 1. Conversely, suppose that £ = 1. Then by the law
of total variance,

0=1—-¢= /[Var(l{yzt}) — Var(P(Y > t|X))]du(t)
— [ BVar(1yysg [X))du(e)

- / E(Gx ()1 - Gx (£))du(t).

This implies that P(E) = 1, where E is the event

‘/Gxuxl—GXu»mmwzo. (A.5)
Let A be the support of p. Define
az =sup{t: G(t) =1}, by :=inf{t: G,(t) = 0},

so that a, < b,. By the measurability of z — G,(t) and the fact that
a; >t if and only if G, (t) = 1, it follows that x +— a, is a measurable map.
Similarly,  + b, is also measurable.

Now suppose that the event {ax < bx} N E takes place. Since Gx(t) €
(0,1) for all t € (ax,bx), the condition (A.5) implies that p((ax,bx)) =
0. Since (ax,bx) is an open interval, this implies that (ax,bx) C A°.
On the other hand, under the given circumstance, we also have P(Y €
(ax,bx)|X) > 0. Thus P(Y € A°|X) > 0.

The above argument shows that if P({ax < bx} N E) > 0, then P(Y €
A¢) > 0. But this is impossible, since A is the support of u. Therefore
P({ax < bx}NE)=0. But P(E) = 1. Therefore P(ax = bx) = 1. Thus,
Y = ax almost surely. This completes the proof of Theorem 1.1. O

B. PREPARATION FOR THE PROOF OF THEOREM 2.2

In this section we prove some preparatory lemmas for the proof of The-
orem 2.2. Let R(i) be the number of j such that Y; <Y; and L(i) be the
number of j such that Y; > Y;. Let m be a rank vector for the X;’s, chosen
uniformly at random from all available choices if there are ties. First, note
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that since X and Y are independent, 7! is a uniform random permutation

that is independent of Yi,...,Y,. Let 7 := 7!, and let

n—1
Dn = E a;,
=1

where
a; ;= min{R(7(7)), R(t(i + 1))}.

Also, for convenience, let
b;j :=min{R(3), R(j)}.

In the following, O(n~%) will denote any quantity whose absolute value is
bounded above by Cn~% for some universal constant C. Let E/, Var’ and
Cov’ denote conditional expectation, conditional variance and conditional
covariance given Y1,...,Y,.

Lemma B.1.

n

> LE)(L() — 1)

i=1

1
E/(Dn> = n

Proof. Take any 1 <1i <mn—1. Since (7(¢),7(i+ 1)) is uniformly distributed
over all pairs (j, k) where j and k are distinct, we have
1
/ — .
E'(a;) = 7_1) Z bjik (B.1)

1<j£k<n

Since R(i) = 37| liy,<y;}, this gives

1 n
Bla) =07 > D ey visny

1<j#k<n I=1
1 n n n
= am=1) ( > D lmisvvisvid — )LD 1{Yz<Yj}>
1<j,k<n I=1 j=11=1
1 n n n
(X X e =X e
=1 1<j,k<n =1 j=1
1 n n
- = LI =D L.
(L= 3o 1o)
=1 =1
The proof is now completed by adding over 3. O

Lemma B.2. Var'(D,,) = V,, + O(n?), where

n

1 s 2 = 1<
o=t Y By= 5 Y bt D buabre

p,g=1 p,g,r=1 p,q,m,8=1



A NEW COEFFICIENT OF CORRELATION 11

Proof. Take any 1 < ¢ < 7 < n — 1. First, suppose that i + 1 < j. Then
(t(3),7(i +1),7(4), 7(j + 1)) is uniformly distributed over all quadruples of
distinct (p, q,r,s). Thus,

E'(a;a;) Z bp.gbr.s,

4par.s

where (n)4 := n(n — 1)(n — 2)(n — 3), and >’ denotes sum over distinct
p,q, 1, s. Therefore by (B.1),

Cov'(ai, aj) = (n1)4 S bygbrs - <(n1)2 3 bp,q>

2

D,q;Ty8 Pq
—(< 2) 2 et~ g () = Xt
p,q,7,8 D,q,7,8
Z bqurs——z bp.gbpr + O(1)
dpar.s 2p%
= E Z bp.gbr.s — ﬁ > bpagbpr + O(1).
D,q;Ty8 g,

Next, suppose that i +1 = j. Then

Cov'(as, a;) = Z pabpr (ml)z Z/bp,q>

2

3 par D,q
=3 E , bp.qbp,r — 1 E , bp,qbr.s + O(n).
n n
p7q7T p7Q7T78

Similarly, if ¢ = j, then

N T e T S A T e 2
Cov'(ai,aj) = ) Z bp.q ((n)z Z bp,q)

P.a Psa
1, 1
= > v - — > bpgbrs + O(n).
p7q p7q7r7s
The proof is completed by adding up Cov’(a;,a;) overalll <i,j <n—1. O
Lemma B.3. As n — oo, Var'(D,)/n3 converges almost surely to the de-
terministic limit
E(6(Y1,Y2)? - 2(Y1, Y2)$(Y1,Y3) + 6(V1, Y2)6(V3, Y1),

where ¢(y,y") := min{F(y), F(y')} and Y1,Y>,Y3,Yy are i.i.d. copies of Y.
Proof. Throughout this proof, C' will be used to denote any universal con-
stant. Let V,, be as in Lemma B.2. It is a function of the Y;’s only. Notice
that if one Y; is replaced by some other value Y/, then each R(j) changes by

at most 1 for j # ¢, and R(i) changes by at most n. Therefore b, , changes
by at most 1 if p # ¢ and g # ¢, and by at most n if one or both of the indices
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are equal to <. Moreover, the by,’s are all bounded by n. Thus, changing one
Y; to Y/ changes V;, by at most Cn?. Therefore by the bounded difference
inequality,

P(|V,, — E(V})| > t) < 2e~C°/7°

for every t. Consequently, (V,, — E(V,,))/n3 — 0 almost surely as n — oo.

On the other hand, note that by, ,/n = min{F,(Y,), Fn(Y,)}, where F,
is the empirical distribution function of the Y;’s. By the Glivenko—Cantelli
theorem, F,, — F uniformly with probability one, where F' is the cumula-
tive distribution function of Y. From this, it is easy to see that E(V},)/n3
converges to the displayed limit.

Lemma B.4. If Y is not a constant, the limit in Lemma B.3 is strictly
positive.

Proof. Let us denote the limit by v. Let Y’ be an independent copy of Y,
and define
(¢

(v, Y") = E(¢(Y, Y)Y =y).
E(¢)(Y)). Then v can be expressed as

(Y.Y')?) = 2E(¥(Y)?) +m?. (B.2)

¥(y) = E(¢
Also, let m :=E(¢ ( n) =
E(¢

Now,
E(6(Y,Y") = $(Y) = $(Y") +m)?
=E(¢(Y,Y')? + ¢(Y)* + 9(Y')? + m? = 26(Y, Y")h(Y)
—26(Y, YY) + 2607, Y )m + 26:(Y (V")
— 2(Y)m — 2(Y")m).
Note that E(¢(Y,Y")y(Y)) = E((Y)?), and recall that E(¢p(Y,Y")) =
E(¢(Y)) = m. The same identities hold if we exchange Y and Y’. Us-
ing these facts, it is now easy to verify that the above expression is actually
equal to the right side of (B.2). Thus,
v =E(@(Y,Y") = $(¥) = p(Y") + m)2
Hence v > 0, and v = 0 if and only if ¢(Y,Y’) = (YY) + ¢(Y’) — m almost
surely. Suppose that this is true. Then almost surely for each i > 2,
o(Y1,Ys) = ¢v(Y1) + ¢(Yi) —m, (B.3)

where Y7, Y5, ... are i.i.d. copies of Y. Taking the minimum over 2 <i < n
on both sides, we get

min{F(Y1),..., F(Ya)} = ¢(Y1) + min{¢(Y2), ..., (V) } —m.
Now, the minimum of a sequence of i.i.d. bounded random variables con-
verges almost surely to the infimum of the support. Also, F' and v are
bounded functions. Therefore taking n — oo on both sides of the above,
it follows that 1(Y7) equals a constant almost surely. Therefore ¥ (Y3)
equals the same constant almost surely, and hence by (B.3), ¢(Y1,Y2) is
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also equal to a constant almost surely. Now, if L(t) := P(F(Y) > t), then
P(¢(Y71,Ys2) > t) = L(t)2. Since ¢(Y7,Ys) is a constant, this shows that L(t)?
is 0 or 1 for every ¢, and hence L(t) is also 0 or 1 for every ¢. Consequently,
F(Y) is a constant almost surely.

We claim that 1 is in the support of F(Y') and hence F(Y) = 1 almost
surely. To see this, take any ¢ € (0,1). We will show that P(F(Y) >
1—¢)>0. Let x :=inf{y : F(y) > 1—¢/2}. Then z is a finite real number
since F' tends to 1 at oo and to 0 at —oo. By the right-continuity of F,
F(z) > 1—¢/2. If F is discontinuous at z, this immediately shows that
P(F(Y)>1—¢) >P(Y =z) > 0. If Fis continuous at z, there is some
y < z such that F'(y) > 1 —e. By the definition of z, F(y) < F(z). Thus,
P(F(Y)>1—¢)>P(Y € (y,z)) > 0. This shows that 1 is in the support
of F(Y), and hence F(Y) = 1 almost surely.

Since Y is not a constant, there are at least two points in its support.
Therefore there exist two disjoint nonempty open intervals I and J such
that P(Y € I) and P(Y € J) are both positive. Suppose that I is to the
left of J. Then for any y € I, F(y) < 1 —-P(Y € J) < 1, and hence
P(F(Y) < 1) > P(Y € I) > 0, which contradicts the conclusion of the
previous paragraph. This shows that v > 0. O

C. PROOF OF THEOREM 2.2

We will continue with the notations from Section B. Let o2 denote the
limit of Var’(D,)/n®, which by Lemmas B.3 and B.4, is a deterministic
positive quantity (it was called v in the proof of Lemma B.4). Define

~ D, —E(D,)
D= — 55,

Notice that r; = R(7(i)). Therefore by Lemma B.1, the identity (A.4), and
the identity min{a,b} = $(a + b — |a — b]), we get

n—1 1 n
D, —F = in{r: r _ - ; _
n (D) me{n,nH} - ZL(Z)(L(Z)
i=1 =1
1n—1 1 n
=3 D (ri+rign — i —ril) — - > L - 1)
=1 i=1
n n—1 n
rm+r, 1 1
:Zri_ 9 —5217’#1—%\—%2%(&—1)
:721 Tl—l Z|Tz+l_rz|+0()

This shows that

gn:D”EJ(D")_i_O< 1 >: g ﬁn+0(1>7

n2S,
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where S, is the quantity defined in (A.3). In the proof of Theorem 1.1, we
showed that S, — [ G(t)(1—G(t)du(t) almost surely, and the latter quantity
is positive by Corollary A.2. Thus, to prove the central limit theorem for
/né&,, it suffices to prove the central limit theorem for D,,. The formula for
the limiting variance 72 can be read off from the limit of S,, and the formula
for ¢. The limiting variance is strictly positive by Lemma B.4. When Y
is continuous, F(Y) ~ Uniform|0,1]. Using this fact, an easy calculation
shows that 72 = 2/5.

The central limit theorem for En can be proved by mimicking the proof
of the main theorem of the paper [1]. First, replace D,, by

D! = Zmin{R(T(i)), R(r(i + 1))},

where 7(n + 1) := 7(1). Since |D;, — Dy| < n, it suffices to prove that
D! — N(0,1) in distribution, where
- D —E(D)
A n n
D)y =
Mimicking the main idea of [1], we define
f(r(i+1)) = E (min{R(r(i)), R(r(i + 1)) }|7(i + 1)),

and observe that
E'(D;,) =nE[f(r(1)] =Y f@)=>_ f(r(i)).
i=1 i=1

Thus,

D = Z?:l Bi
" on320
where 3; := min{R(7(i)), R(r(i + 1))} — f(7(¢)). Since |D,, — D}| < n,
Var’(D!)/n? converges almost surely to o2. Using these observations, we
can proceed exactly as in the proof of the main theorem of [1] to show that
for every integer k > 1,

E'[(D)*] — E(Z") almost surely as n — oo, (C.1)

where Z ~ N(0,1). On the other hand, a simple argument using the
bounded difference inequality (viewing 7 as the rank vector of i.i.d. ran-
dom variables from any continuous distribution) shows that for any k,

supE| D! | < .

n>1
Therefore by (C.1) and uniform integrability, we conclude that for every
integer k > 1,

lim E[(D))*] = E(Z").

n—oo

This completes the proof of Theorem 2.2.
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D. PrRoOOF OF THEOREM 2.3

The quantity S,, define in (A.3) is the same as d,,, and in the proof of
Theorem 1.1 we showed that S,, converges to the square-root of the denom-
inator in the definition of 72. Recall the quantity V;, from Lemma B.2. By
Lemma B.3, we know V,,/n? converges almost surely to the numerator in
the definition of 72. We will now show that a, — 2b,, + C% is the same as
Vi /n3.

From the definition of V,,, it is easy to see that the result will remain
unchanged if we permute the R(i)’s and recompute V,,. So we can replace
the R(i)’s by an increasing rearrangement uj, ..., u,. Redefine

bij == min{u;, uj} = Uningij}-

Then it is clear that

wa —Zul+2 > by

1<z<]<n

Similarly,

Finally,

n n 2
RITEDY <Z bij)
igik =1 \j=

_Z<Zu] (n — i)u; >2 =3 (i + (0 — dyus)?

=1

These expressions make it clear that a,, — 2b,, + C?L =W,/ n3. This completes
the proof of convergence. Finally, to see that 72 can be computed in time
O(nlogn), simply observe that the computation involves only sorting and
calculating cumulative sums, both of which can be done in time O(nlogn).
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