Scand J Statist 5: 141-150, 1978

An Empirical Transition Matrix for Non-homogeneous
Markov Chains Based on Censored Observations

ODD O. AALEN! and SOREN JOHANSEN
University of Tromsg and University of Copenhagen

Received August 1977. revised April 1978

ABSTRACT. A product limit estimator is suggested for the
transition probabilities of a non-homogeneous Markov chain
with finitely many states. The estimator is expressed as a
product integral and its properties are studied by means of the
theory of square integrable martingales.

Key words: Markov chains, censored observations, product
limit estimator, transition probabilities

I. The model and a summary of the results

We shall consider a right continuous Markov chain
(X, t€[0,1]) on afinite state space E with intensities or
forces of transition given by Q(¢) =(g,(?), i€E,jEE)
where for all is=j€E

gi5(t) >0, ¢,(#) <0 and >, q;(t) =0, (1.1)

q;;(*) is left continuous and has finite right hand
limits, such that 1.2

J q,(t)dt <oo. 1.3)

0

It is well known, see Goodman (1970), and Do-
brushin (1953), that under these assumptions, the
transition probabilities are given by the differential
equations

%P(s,t)= _0() PGs, 1) 1.4

a%P(s,t)=P(s,t)Q(t) a.s)

with initial condition P(s, s) = 1. The equations hold
almost surely with respect to Lebesgue-measure.

1 Supported by the Norwegian Research Council for Science
and the Humanities.

The solution to these equations P(s, ¢) is abso-
lutely continuous as a function of s and ¢ and is
given by the product integral

P(s, )= 1 U+Qu)du) 0<s<t<1
1s. 11

(1.6)

see e.g. Dobrushin (1953) or Johansen (1977).
The solution satisfies the Chapman-Kolmogorov
equation

P(s,t) =P(s,u)P(u,t) O0<s<u<t<l. a7

Consider first the problem of estimating P(s, ¢)
on the basis of independent observations {X°,
t€f0,1], k=1, ...,n}, where the kth process has
transition probabilities P(s, ¢) and initial distribu-
tion p®,

The obvious estimator of the transition probability
is .

2 l{Xs‘I’ =i, /Yt(r) =]}

PY(s, 1) ="

2 X0 =i}

r=1

(1.8)

which is simply the fraction of observations, available
in i at time s, which end up in j at time ¢.

This estimator does not satisfy equation (1.7) and
does therefore not belong to the class of functions
considered in the model. The idea underlying (1.8)
is also not very useful when censoring is present.

The estimator can be modified as follows: We
split the interval [0, 1] by a partition {¢,,} so fine
that in each interval at most 1 jump occur. We then
apply (1.8) to each interval and define

[T POtn tns).

s<typ<tp 1<t

Bis,1)= (1.9)

Each of these factors is either the identity, if no jump
occurs, or a stochastic matrix with only 1 off diago-
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142 0. O. Aalen and S. Johansen

nal element positive and equal to [> 1, 1{X{ =i}~
placed at position (i, j) if the jump took place from
i to j at time u. A different representation is given
in (5.1).

This estimator does not depend on the choice of
partition and can be considered a generalization of
the product limit estimator discussed by Kaplan &
Meier (1958) and Breslow & Crowley (1974). Notice
how the estimator is constructed as a product in-
tegral, a concept which formalizes that of a product
limit. It is a basic idea of this paper that Markov
chain transition probabilities are constructed in
exactly the same way from their intensities as the
above product limit estimator is constructed from the
observed jumps. It is the formalism of the product
integral representation that allows us to write up the
basic stochastic integral equation (3.3) which again
allows the martingale theory to be applied. The
estimator (1.9) therefore satisfies (1.7) and, as we
shall see in a certain sense also (1.4) and (1.5). It is
not however absolutely continuous and a third esti-
mator P can be constructed which interpolates be-
tween the steps of P.

This estimator is constructed using the observa-
tion that the factors of P are simple stochastic ma-
trices that are imbeddable in time continuous homo-
geneous chains, see Johansen (1973).

The methods used for analyzing the independent i-
dentically distributed observations can also be used for
analyzing the situation where the processes XV, ...,
X™ are censored. This is an important extension of
the theory since in many medical and engineering
applications the processes are only under observa-
tion part of the time. Therefore we present in section
2 a general model of censoring including most of
those commonly considered in the literature. We
will show that the multiplicative intensity model for
counting processes (see Aalen 19785) play a central
role in the description of censored processes.

In section 3 we will show how an estimator for
the integrated intensity allows us to define Pasa
product integral relative to the censored processes.
This section also contains the exact properties of the
estimator. We derive those by employing the theory
of square integrable martingales as well as results on
product integrals to represent P as the solution to a
stochastic integral equation. From this follows cer-
tain martingale properties of P.

The same technique is used in section 4 to obtain
the asymptotic distribution of the process P. In 5
the smoothed estimator is discussed and it is proved
that it has the same asymptotic properties as p.
Finally, in the appendix we have collected a few
items that supplement the methods used in the paper.

The estimator P was previously suggested and
studied by one of the authors (Aalen, 1973 and
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19784) in the case when E has only one transient
state. It was stated in Aalen (1973) that an extension
to general Markov chains was possible. When the
present paper was essentially finished, it came to our
attention that Fleming (19784, b) has suggested the
same estimator P as we have. He does, however, only
treat the uncensored case and gives no exact results.
He also does not give the smoothed version of the
estimator. Also, our methods are quite different from
Flemings, especially our use of the product integral
representation.

Fleming, by the way, estimates partial transition
probabilities. It will be apparent from our approach
that the number of processes under observation in
each state may be allowed to vary quite freely.
Clearly, therefore, the estimation of partial transition
probabilities is really included in our treatment.

2. A general model for censoring

Define Y{¥(t) =1{X{® =i}. Let K{°(t) denote the
number of jumps directly from i to j that X* has
performed in the time interval [0, #], hence the pro-
cess K is right-continuous. Put K = {K{®, k=1, ...,
n,i,jEE}.

Let Q, be the space of possible sample paths of K
for #€[0, 1]. Let (4, A, P,) be a probability space
with P; not depending on the intensity Q, and let
Q be the Cartesian product of Q, and 4. Let F,
be the product o-algebra on Q corresponding to the
o-algebra 4 on A4 and the o-algebra on Q, generated
by {K(s),0<s<t}. The family {F, 0<z<1} is in-
creasing and right-continuous (see Boel et al., 1975).
Let P be the product measure on F=F, generated
by the measure P, on 4 and the measure on N, =
o{X®, 0<t<1,k=1,..,n} given by the previously
defined Markovian structure.

K is a multivariate counting process with K
having intensity process g;, Y{® relative to {F}. In
this paper we will exploit the recently developed
martingale-based approach to counting processes,
see ¢.g. Boel et al. (1975) or the short review in
Aalen (1978b). A consequence of that theory is that
the M defined by

¢
MP@)=K{() - f ai(s) YP(s) ds
0

are orthogonal, square integrable martingales with
variance process

t
<M, M (1) = f 4,((s) Y¥(s) ds.
0

(See e.g. Meyer, 1971 for these concepts.)
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The censoring process is a stochastic process J =
(Jy, ..., J») which has piecewise constant and left-
continuous sample functions taking the values 0 and
1 and with a finite number of jumps. We also assume
that J(¢) is measurable with respect to {F,} for all
t€[0, 1]. The process X* is observed at those times
t for which J,(r)=1.

Notice that J(¢) may depend in almost arbitrary
ways on what has been observed in the past and on
outside random variation (modeled by the space 4).
Hence, our censoring scheme is considerably more
general than those commonly considered in the
literature, see e.g. Kaplan & Meier (1958).

Define now the stochastic integrals

MP) = f J () AM$(s).

By the theory of stochastic integrals (see e.g. Meyer,
1971), the M are orthogonal, square integrable
martingales. Hence, by the above mentloned count-
ing process theory, K ={R{, k=1,..,ni,jeE}
given by

i = f Jis) dKi(s)

is a counting process with K,") having intensity pro-
cess g;;J;, Y relative to {F,}. We callK the censored
process.

Define now Ny,=>K{, N, =3 J,Y®, N*=
{Ny,i€E} and N={N,;,i,j€E}. N is a counting
process with Nj; having intensity process g;; N;. The
assumptions made above imply that N and N* are
observed over the time interval [0, 1].

Assume for a moment that 4 is the trivial o-
algebra. In Aalen (19785) it is proved that the stat-
istic {3 K{®,1,j€E} is complete for the nonpara-
metric model defined by (1.1), (1.2) and (1.3). Since
(N, N*) is a measurable function of that statistic it
follows that (N, N*) is complete.

If (N, N*) is sufficient, then we have a case of
the multiplicative intensity model studied in Aalen
(19785). Obviously, the inference procedures devel-
oped for that model is applicable whether (N, N*)
is sufficient or not, but in the latter case some in-
formation will be lost by only applying those proce-
dures.

The question of when (N, N*) is sufficient has
been treated in Aalen (1978¢). The results indicate
that (N, N*) is in general sufficient when all J; are
decreasing processes, i.e. in the case of right-cen-
soring, while otherwise it will generally not be suf-
ficient. In the case of uncensored processes suf-
ficiency is clear by a simple likelihood consideration
(see Aalen (1978b)).
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Finally, one should note that this whole problem
of sufficiency only arises when one can follow each
process X® individually over the time interval {r:
J(¢) =1}. Sometimes this may not be the case, and
one may at any time ¢ only be able to observe the
numbers of processes in each state and the jumps
that occur without knowing which process that
jumps. Of course, this amounts precisely to observing
(N, N*).

At any rate, in the present paper we will study
estimation of P(s, ¢) based solely on the statistic
(N, N*). Put My() = N,(1) — f4 N()q,y(s)ds.

3. The estimator and its exact properties

It was suggested by Aalen (1978b) that one should
use

t
By() = f N> 1N dNys) i+i (1)

as an estimator for the integrated intensity B;;(#) =
_ﬁ, q;5(s)ds. This estimator has previously been sug-
gested for life testing models by Altshuler (1970) and
Nelson (1969).

From the integrated intensity (3.1) it is now pos-
sible to estimate the transition probabilities using the
theory of product integrals.

The necessary theory for constructing Markov
chains from integrated intensities, that are not abso-
lutely continuous with respect to Lebesgue measure
was given by Dobrushin (1953), who developed the
product integral for matrix valued measures, see also
Johansen (1977). A similar problem was solved by
Jacobsen (1972) for countable state chains.

In terms of product integral we now define

P(s,t)=T] U+dB)

Is, 81

3.2)

where B,, is given by (3.1) and B, = -5, B,,.

Since B is a purely discrete measure with finite
support, P reduces to a finite product of stochastic
matrices. For very small intervals Js, ], either
Bls, t1=0 in which case P(s, t) = I or there is one jump
occuring in Js, ¢], from i to j at time u, say, then
dB(u) = Nu)~* and this means that P(s,?) is a
stochastic matrix with only 1 off diagonal element
different from zero. Thus (3.2) is the same as the
estimator (1.9).

Once the intensity is estimated one can also derive
estimates of the waiting time distributions

Gj0,t1=1-T] (1 +dBy)
0,1

by simply inserting B,; instead of B;;.
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144 O. O. Aalen and S. Johansen

Put Fi(t) =1-G,[0, t]. Then we get:

F()=1-G0,r1-TI (1 +dB,)-T1 (1 _L)

©.8 <t Nt

where {z,} denotes the times where a jump occurs
from i.

This estimator generalizes, in a different sense than
P, the estimator suggested by Kaplan & Meier
(1958).

Let

t
B, = f {N,w)>1} q,(u) du
and

P(s, 1)=T] I +dB).

1s, 81
Then the following result is an analogue to Theorem

6.2 of Aalen (1978b). See the appendix for the nota-
tion.

Theorem 3.1. The process P(0, )=l (I +dB)
satisfies the stochastic integral equation

t
PO, PO, ) *-1= f P, s)d(B - B) (s) P(0, s)*
(3.3)

Further M, =P(0, t)P(O, t)*—1I is a square in-
tegrable martingale and

t
<M, M = f p(o’ s)

®P(0, s)d<B -
® P, s)™*

B> ()P0, 9™
(3.4

where @ denotes the Kronecker matrix product.
It follows from the above relations that

EP©0, P, 1) =1

and that

v{P@©, 1) P(©0,1)"*}
=E(P(©0,1) PO, 1) *-1)(P©, 1) PO, ) -1y
=E fo t P@©,s-)

®P©,s-)dB-B, B
® P, s)".

-B> () P©, )

Scand J Statist 5

Proof. As is shown by Johansen (1977), P satisfies
the differential equation

dpP(o, r)

dB
=P@©,1-)"— as.
o P, )d% a.s. [v]

and P(z, 1) satisfies the equation

dP(, 1) _

dB
o —d—%ﬁ(t, 1) as. [

where v, is a measure that dominates the measures
of B and B. One can take v, = —trB—#rB.
Then

2P0, 5 Fts, 1)
Yo

PO, s- )dP(s 1 dP(o s)

=P, s- )(dB ZB>P(s,1)

PGs, 1)

Integrating from O to # gives

P@©, ) P, 1)~ P, 1)

t
= f P@©,s-)dB-B)(s) Bs, 1) (3.5

Now

Det P(0, 1) =exp {f SN > 1} g, du}

>exp {ZJ‘ ) du} >0.

Hence we can divide through in (3.5) by P(0, 1)
which proves the relation (3.3) as a Stieltjes integral
for a given realization of the process.

In order to prove that it is a stochastic integral,
and in fact a square integrable martingale we first
note that each element of the matrix is the sum of a
finite number of integrals of the form

t
f ﬁik(o’ s — ) d(‘ékm - ﬁkm) (S)ﬁmj((), S)

The coefficients p;(0, s—) and p™(0, 5) are left
continuous and measurable with respect to F,.
Further p,(0, s—)<1 and p™(0, 5) is evaluated as
follows:

|2™(0, 5)| = | (Det P(0, 5)7* > (- D! E Dioy(0, 9|

Lo
<(Det P(0, 1)) (k- 1)!

where k is the number of states in E.
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Thus the coefficients are bounded predictable pro-
cesses. By proposition 3 of Doléans-Dadé & Meyer
(1970) it now suffices to prove that

1
E f d| By — By () <00 (3.6
0

and

1
Ef d<By— By B — B> (5) <00 (3.7
0

By Theorem 6.2 of Aalen (1978b) the process
B,y — By, is a square integrable martingale and

E| B~ Bin| (1)

t
<E f Y N(w)> 1} Ny() " dNjo(t)
0

t
+E f {N() > 1} @) du

and

E<ékm - Ekm’ élcm - ~/cm> (t )

¢
=E f K{Ny(1) > 1} N,(4) " qy(w) du. 3.8)

All these integrals, however, are bounded by
Jo | gux(w)du | < oo which completes the proof of Theo-
rem 3.1 (see the appendix).

Using a similar argument one can prove the fol-
lowing results about the generalized Kaplan-Meier
estimator of the waiting time distribution.

Theorem 3.2. The process | [io.5 (I + dB;;) =F (¢) satis-
fies the stochastic integral equation

t
FOF@®™-1-= f F(s-)d(By~ B, )F )7,

where F (t) =T T.n (1 +dB,;). Hence
S, =F()F(t)"*-1, i€E,

are orthogonal square integrable martingales and
t A ~ A ~

<Stﬁ Sg> = f Fi(s — )’d(B“ - Bu, B” - Bu> (S) Fi(S)—z.
(]

Remark. Notice that Theorems 3.1 and 3.2 only
depend on the fact that Ny, is a counting process
with intensity process N;q;. Since the only important
requirement to N, in the counting process theory is
that it be predictable, one may in principle introduce
rules to control the size of N; such that it does not

10—-781929
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become too small. This requires that one has an
“infinite reservoir” of possible observations, that can
be inserted into the states when needed. If in parti-
cular N(t)>1 for all i and t, then P =P and so P is
unbiased. The same holds for the F;.

4. Asymptotic properties of the estimator

We shall first prove a general result about weak
convergence of stochastic integrals, which is a modi-
fication of Theorem 2.1 in Aalen (1977). The condi-
tions have been slightly changed so as to be easier
to verify.

We start with a sequence of counting processes
N, i=1,..., k;n=1, ... with intensities A; , and we
let M; ,(t)=N; o(t) ~ [ Ay n(u)du. Let H, , be pre-
dictable processes satisfying H; ,€L*M,, ,) so that
Y, »=J H; ,dM, , is a square integrable martingale.
Set Y, =(Yy n, ooy Y, )

In order that these stochastic integrals can be
evaluated as Stieltjes integrals we shall assume
(Requirement A of Aalen (1977)):

Ef | H(s)|dN(s) <o @.1)

for any H and N as above.

A general result of Rebolledo (1977) about weak
convergence of martingales shows that in order that
the processes Y, converge weakly to a Gaussian pro-
cess the conditions of Theorem 2.1 of Aalen (1977)
are sufficient:

t 13
f H, n(5)* Ay, n(5) dsi’fo gis)ds ¥y, 4.2)

1
ZEf HE () 1{|Hy ,(s)| > ¢} AN, ,(s) >0 Ve>0
i 0

@4.3)
Here g,(s) is some function in L0, 1).

Theorem 4.1. Let the following conditions be satisfied

H, (5)—>0, n>oo Vis 4.4
HZo(5) Ay o(5)—>gi(s), m—~oo Vi,s 4.5)
g3(s) bounded on [0,1] Vi 4.6)

H? ()M, o(s) integrable uniformly in (n, s, i). (4.7)

Then if W, ..., Wy, are independent Wiener pro-
cesses and Y =({ g,dW,, ..., | g,dW,) we have

Y, =Y.

Proof. We shall show that (4.2) and (4.3) are
satisfied.

Scand J Statist 5
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146 O. O. Aalen and S. Johansen

Since we are using uniform integrability we re-
mind about the following standard result for a
sequence of random variables {X,}:

X,—2>0, X, uniformly integrable= EX, 0. (4.8)
Let now
K, n(8)=| Hi a(s) Ay n(s) - £5(9) |

By (4.5) K;, »(s)——0 and since, by (4.6) and (4.7) K, n(s)
is uniformly integrable it follows from (4.8) that
EK; .(s)—0. Since EK; ,(s) is bounded in (n, 5) we
get 3 EK;, ,(s)ds~0 but this easily implies (4.2).

To prove (4.3) note that

f H; () 1{| H (5)| > €} d{Ni,,xs) - f s Ay () du}
is a martingale and hence
E f tH?;n(s) 1{|H, ()| > e} dN,. (s)

-E f:Hi‘f n(8) Ay, () L{| H, n(8)| > £} ds.

From (4.4) and (4.5) it follows that
Z,o(5) = H2(5) Ay n() 1L{| H;, o(8)| > €)= 0,

but (4.7) implies that Z; ,(s) is uniformly integrable
and hence EZ; ,(s)—0 but since also EZ; ,(s) is
bounded in (s, n) we get [; EZ; ,(s)ds—0, which
proves (4.3).

For applications of this theorem it is worth noting
that the uniform integrability of a sequence of ran-
dom variables {X,} is implied by a condition like
E| X, |**¢ <c or, for positive variables by X, 2 Xand
EX,— EX.

We shall now study the asymptotic properties of
P when the number n of observed processes increases
to oco. We write J™ =(J™, ..., Jt) to indicate that
each element of the censoring process may depend
on all observed processes. Of course, all stochastic
processes occurring below will depend on n, but we
will generally suppress » from the notation. We will
first give a consistency result. We define the norm
of a matrix 4 by | 4] =sup, >, |ayl.

Theorem 4.2. Make the following assumption:

E[1{N(t) > 1} N{(t)"1+P{N;(t) =0} >0 for all
iandt.

Then:
sup | P(0, £) - P(0, )| =>0
t
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Proof. We have

[P, 1) - PO, t)| = [ (P, 1) PO, )-* - D) P(0, ¢)
+(P(0, 1) P, )" - I)P(0, 1)
<|P©, 1)P©, n-* ~1| + | P, 1) PO, t)-* ~I|

We will treat these two terms separately. From
Theorem 3.1 we have

P©,r) PO, 1) -1
t
= f P, s-)d(B-B)(s) P0,5)7.
0

The ijth term of this integral is a sum of stochastic
integrals of the form

t
f ﬁtk(O, s-)d (ﬁm - Byn) (S)ﬁmj(O, s)

0

and we shall therefore first study the joint limiting
behaviour of the processes

t
Ykm, ()= V;J; ﬁik(O, s —);’m](O, s)d (Ekm - Ekm) )

t
- f Vnpu0, s =) ™0, 5)

x 1{Ni(5) > 1} Ni(8) " dMpy, 1(5) 4.9)

where, here and in the following, i and j has been
suppressed in the notation.

The stochastic integral given in (4.9) was in-
vestigated in (3.6), (3.7) and (3.8) and it was proved
that

E(Vi; Ykm.n(l))

-E f[ ]ﬁfk(O, 5=)(P™(0, 5))* Ny(s) ™
x 1N (8) = 1) gym(s) ds

<cE f {N(5)> 1} Ni(5) " giem(s) ds

0

for some constant ¢. By the assumption and Lebes-
gues dominated convergence theorem the last expres-
sion converges to 0, and so it follows by a sub-
martingale inequality (Doob, 1953, Theorem 3.4 and
p. 354) that

sup| P, 1) B0, ) ~1]-2>0
t

Using ,
P@©,)P©,2) -1= f P(0, s)d(B - B)(s) P(0, s)*
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we get

t
| B, £) PO, £)* - 1| <f d|B-B|.
)
Now we have the evaluation
1
0<By,(t)-Byt)< f 1{N(s) =0} g,,(s) ds.
0

From the assumption of the theorem and Lebesgues
dominated convergence theorem we have

E f 1{N(s)=0} g,/ (s)ds = f P{N(5)=0}gq,,(s) ds~0
[ (]

Hence we may conclude:

sup| B(0, 1) PO, 1)~ I|->0.
t

We will now prove a weak convergence result. In
the proof we will consider the stochastic integrals
Yim,«(t) defined by (4.9). These integrals have the
form needed to apply Theorem 4.1 if we define
Him, o(t) =Vn 530, D5, ) 1{N(t) > 1} Ni(t)™.
Akm.'n(t )= Nk(t )qkm(t ),

Hin o Am, () = 1930, £ =) (5™(0, ))*1{N,(z)
> 1} Ni(1) = Gion2).
We will now make an application of Theorem 4.1.

Let Wi, k+m, be independent Wiener processes
and define

¢ qkm(s))*
Y, = d k
il L(pk(s) W) fem,

Ykk= - Z Ykm,
m=kk

¢
U@)= f P(0, s) Y(ds) P(s, t).
0

Here p,(s) is a function assumed to be >a>0 for
all k£ and s.

Theorem 4.3. Make the following assumptions:
1
@ Vn f 1{N(s)=0}gy(s)ds—0 Vi
0
1 P .
(ll) ;Nli(t)_>pi(t) Vl, t’

@ii)) n1{N,(1)> 1} Ny(0)™*

is uniformly integrable in (n, t,i).
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Then:
V(P - P)= U.

Proof. We first consider the stochastic integrals
Yym, n- We have to check the conditions of Theorem
4.1.

Condition (4.1) holds immediately since Hy,,, (¢)
is bounded and ENj,,(1) <oo.

Condition (4.4) follows from the consistency of
P(O, t) together with assumption (ii). Similarly (4.5)
follows and also (4.6). Condition (4.7) follows from
assumption (iii) since the coefficients p}, and (p™)?
are bounded.

Thus we have established that

Ykm. n ;u')’ Vlcm

with
t Grem(S)

Vim(®) = | 20, )p™(0, 5) AW,n(s)
4 . Di(s)

t
= fo 240, 5)p™(0, 5) dYyp(s)

Hence
t
Vn(P@©, t) PO, ) -nZ f P(0, 5)dY(s) P(0, ) *
[}
Now

Vn(P(, t) - PO, 1)) = Vn(P(©, 1) P(0, £)* - T) B(0, £)
+Vn(P(, 1) - PO, 1)).

Hence we have completed the proof if we can prove
that

Vn(P(©, 1) - PO, 1)) 2 0.

This follows, however, from

t
B, 1)~ P, )= f P, u)d(B - B) (w) P(u, t).
and

1
| B, )~ PO, )| <2 g fo 1{N,(u)=0}|q,,(w) | du

Hence by assumption (i)

sup Vn| B(©, t) - P(0, )| =0, n >0
t

We have now found the asymptotic distribution of
P. The covariance matrix of the limiting distribution
is found as follows:

Scand J Statist 5
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148 O. O. Aalen and S. Johansen

ECU,U> (1)

¢
= f P(0, 5)QP(0, s)dlY, Y (s) P(s, )R P(s, t)
1)

(see the appendix).
But

qkm() du i

Yim, Yiem> (£) = f 7

(k’, m") =(k, m) and O otherwise.

Let C;; denote the intensity matrix with element
G, j) equal 1, element (7, i) equal —1 and the rest
zero, then

t
Do)
Y, Y>@)= == du Cpu® Cipp-
< >() kémfopk(u) U Cpm km

The following theorem gives a consistent estimator
of the covariance matrix of the limiting distribution.

Theorem 4.4. Suppose the conditions of Theorem 4.3
hold with (iii) substituted by

(i) n21{Nt) = 1} N(1)*
is uniformly integrable in (n, t, 7).
Define:
13
Va(t) = f P, )@ P(0, 5)dZ,(t) P(s, )® P(s, 1)
0
where
¢
Z,(t)= zf n1{N(s)> 1} Ny(s)"*dNy(s) C;;® Cy;.
i+iJ 0
Then

sup | Vo(t) - ECU, U> ()| 0.
t

Proof. Define:

t
Z, 0= f 0 n1{N(s)> 1} N(s)*dN;;(s).

By the consistency of P it is enough to prove for
each pair (4, j):

SUD|Zu ) = f q,,(s)

Scand J Statist 5

We have

Zy,u(t) — f qi:((;))

t
= fo n1{N(s)> 1} Ny(s)"*dM;(s)

¢
+ J:) [P1{N(s)> 1} N(s) ™~ p(s) "1 q,(s) ds
= A,(t) + B,(2).

It follows immediately from the conditions that
sup, | B,(2)| 2. Now, 4,(¢) is a square integrable
martingale, and so sup | 4,(?)| Ze0if

A,(1)>

- EJ‘o n* 1{N(s)> 1} Ny(s)"°q,(s) ds

E<4,(1),

converges to 0. This is, however, an immediate
consequence of the assumptions, using the result
(4.8).

The verification of the assumptions of the theo-
rems in this section in the uncensored case is a
straightforward exercise.

For the empirical waiting time distributions we
may prove the following results in a way similar to
above.

Theorem 4.5. Make the assumption of Theorem 4.2.
Then:

s}lglﬁ,(t)—ﬂ(t)l—”»o

Let & be the number of states in E.

Theorem 4.6. Make the assumptions of Theorem 4.3.
Then the vector

V;(Fl —Fl, veey

of stochastic processes converge weakly to the vector

F,-F)

(F1Y11, ooy F Yig).
An estimator of the asymptotic variance of V;(F i~
F) is given by

t
F?(t)g‘ ﬁ n1{N(s)> 1} N(s)"dN,(s)

which is consistent under the assumptions of Theorem
4.4.

Theorems 4.5 and 4.6 generalize results of Bres-
low & Crowley (1974) and Aalen (1976).
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5. The smooth estimator and its properties

In this section we shall discuss the smoothing of the
estimator (1.9). Let us first give a different formula
for the estimator P. We let the jumps of the processes
occur at 0 <s, <s; <... and let the nth jump go from
i, to j,. Then

Bis,t)= TI T+Ny(s2)7'Cy, ) (5.1)

s<sp<t

Note that a very simple algorithm exists for com-
puting P(s, t). Assume P(s, u) has been computed
and that the next jump occurs at u,(>u) and goes
from i to j. Then P(s, uy) is constructed as follows:
The ith column is multiplied by (1 — 1/N(4, -)) and
the remaining is added to column j.

P(s, 1) can also be computed backwards as follows:
If P(u, ¢) has been computed and the nearest previous
jump is at time u,( <) from i to j then only the ith
row is replaced by a convex combination of the ith
and jth rows with weight (1-1/N(#,-)) and
1/N(u, —) respectively.

In order to smooth P we note that
et = T+ Cy(1 —et). 5.2)

This follows from Cj= —C,; together with the
series expansion for the exponential function.

The matrices €/ are the simplest imbeddable
stochastic matrices, see Johansen (1973) and the re-
presentation (5.2) and (5.1) exhibits P(s, t) as a
finite product of these elementary matrices

N, (sp) c )

p(s,t)'= I_I N (Gsp)-1 inin

s<sp<t

exp (ln

It is therefore not difficult to interpolate to make
this estimator smooth. We just define

t—Sp_1 In Ni(sp)
Sp—Sn-1 Ny (s) -1

o) =

Ciptny  Sn1<I<S$,

and
n-1

B(r) - kz O +0(),  sp_1<t<s,
=1

and

PGs, )= [T +dB) = P(s, 5,_,) €¥®,

1s, 8]

Sp-1<t<s,

Then one easily checks that P and P coincide at
all the jump points, but whereas P is piecewise
constant we have obtained that P is absolutely
continuous and satisfies the Kolmogorov equations
(1.4) and (1.5) with the B given above.
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Clearly the estimates P and P are not very dif-
ferent, but P(0, 7) is not measurable with respect to
F, since it depends on where the first jump after ¢
is going to happen.

The difference can be evaluated as follows

|P(0’ t) _P(O, t)l QIP(O’ sn_l) (ea(t)_I)l
< ]eéu)_zl <|Q(¢)|e|6<o|, Sp1<1<5,

Now
| Q(t) I =2 Nin(sn)

N, (sp)-1

If the assumptions of Theorem 4.2 hold then
sup; |O)| 2,0 as n— co. This implies that P and P
have the same asymptotic behaviour.

t—5Sp_1 Ny (s5) <2
Sp—Sn-1 N, (sp) -1

6. Appendix

In this appendix we have collected a few results
which provide a background for some of the methods
in the main body of the paper.

We shall discuss briefly square integrable matrix
valued martingales and stochastic integrals with
respect to them, and we shall prove that the process
N,; is in fact a counting process with intensity
N.q,;. For the theory of square integrable martin-
gales and stochastic integrals, see e.g. Meyer (1971).

Let now M be a matrix of square integrable
martingales on [0, 1]. We define <M, M) as the
matrix we get by substituting in the Kronecker
product M® M, the element M;; My,, by <M;, Myy>.
Then MM — <M, M) is a matrix valued martin-
gale.

Next we shall use stochastic integrals with respect
to such an M. Let K and H be matrices of predictable
processes, with a dimension such that the matrix
product HMK has a meaning and such that

E J: Hi(u) Kip(u) d<M gy, My> (1) <o
forall i, j, k, m, s, t.

Then
f: H(u) dM (u) K (u)

is defined as the matrix with elements

t

S| Hu) Koy () My (du).

k,mJo

It follows that j'f, HdMK is a square integrable
martingale and some calculations show that
<fHdMK, fHdMK> = fH Q@ Hd{M, M> KQK.

Scand J Statist 5
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The only rule that is needed repeatedly is the bi-
linearity of <-, -, i.e.

(3 e [0

= 2121 in®K,d<Mi, Mj>.

These formulae are used in the discussion of the
variance of P and B.

Consider now a single uncensored process. We
shall prove that the intensity of Ny; is in fact g;; N;.

Let N=3,.; N;; and consider {N;} a marked
point process, with marks Y. The intensity of this
process can be found as follows, see Brémaud &
Jacod (1977). Let again the nth jump take place at
time s, and go from i, to j,. Let A4, denote the
event {S,=s,, ¥, =(,,j,), =1, ...,n—1}. Then if

Fi(s|A) = P{S,>5+5,1, Y=, /)| 4,}

00
=
Sp-1

F,(s|4,) = 2 Fi(s|4,) = exp f
i%j

Sp—

+sqij(u) €Xp (f q,(v) dv) dul{jn_1=i}

u

and

)
148 Din_1, 7n-—1(v) dv

we define

if . . .
‘Pn(slsp ey Sn—15 Iy eees In—15 715 ‘--,]n—l)

L [oEGA)  [
- | e - e [ o

Now the integrated intensity of the process Ny; is
given by

Nty

Nij(t) = Z (P:j(sv_sv—llsp crey Sv-—l: Yp ceey ),v—l)
v=0

+¢g(t)+1(t —SN(t)lSp e Sty Yo o5 Ypy)

N(t) S,

= Eo l{jv—l = i}

q‘j(u) du + l{jN(t) = i}
1

S,_
¢ ¢

x f g;;(w du = f q;;() Ny(w) du.
SNty )

Note added in proof

One may easily see that the conditions of Theorem 4.4 imply
those of Theorem 4.3 which further imply the condition of
Theorem 4.2. This justifies our use of the consistency of
P(0, 9) in the proofs of Theorems 4.3 and 4.4.
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